INVARIANCE OF QUANTUM RINGS 
UNDER ORDINARY FLOPS 



YUAN-PIN LEE, HUI-WEN LIN, AND CHIN-LUNG WANG 



ABSTRACT. For ordinary flops over a smooth base, we determine the de- 
fect of the cup product under the canonical correspondence and show 
that it is corrected by the small quantum product attached to the extremal 
ray. If the flop is of splitting type, the big quantum cohomology ring is 
also shown to be invariant after an analytic continuation in the Kahler 
moduli space. 

Viewed from the context of the K-equivalence (crepant transforma- 
tion) conjecture, there are two new features of our results. First, there is 
no semipositivity assumption on the varieties. Second, the local struc- 
ture of the exceptional loci can not be deformed to any explicit (e.g. toric) 
geometry and the analytic continuation is nontrivial. This excludes the 
possibility of an ad hoc comparison by explicit computation of both sides. 

To achieve that, we have to clear a few technical hurdles. One techni- 
cal breakthrough is a quantum Leray-Hirsch theorem for the local model (a 
certain toric bundle) which extends the quantum & module of Dubrovin 
connection on the base by a Picard-Fuchs system of the toric fibers. 

Nonsplit flops as well as further applications of the quantum Leray- 
Hirsch theorem will be discussed in subsequent papers. 
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0. Introduction 

0.1. Background review. Two complex manifolds X and X' are K-equivalent, 
denoted by X =k X' , if there are proper birational morphisms (<p, <p') : Y — > 
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X x X' such that (p*Kx = (p'*Kx>- Major examples come from birational mini- 
mal models in Mori theory and especially from birational Calabi-Yau manifolds 
in the mathematical study of string theory. X-equivalent projective mani- 
folds share the same Betti and Hodge numbers. It has been conjectured 
that a canonical correspondence T G A(X x X') exists which induces isomor- 
phisms of cohomology groups and preserves the Poincare pairing. For a 
survey, see [22|. 

However, simple examples shows that the classical cup product is gen- 
erally not preserved under jF, and this leads to new directions of study 
in higher dimensional birational geometry. On the other hand, according 
to the philosophy of crepant transformation conjecture and string theory, the 
quantum product should be more natural and display certain functoriality 
not available to the cup product among X-equivalent manifolds. 

Flops are typical examples of X-equivalent birational maps: 




In fact they form the building blocks to connect birational minimal models 
|8|. The simplest flop is the simple P 1 flop (Atiyah flop) in dimension 3. 
It is known that up to deformations it generates, locally or symplectically , 
all X-equivalent maps for threefolds. The quantum corrections by extremal 
ray invariants to the cup product in the local 3 dimensional case was first 
observed by Aspinwall-Morrison and Witten l|26| and later globalized by 
Li-Ruan through the degeneration formula fF7\ . 

The higher dimensional generalizations are known as ordinary P r flops 
(also abbreviated as "ordinary flops" or "P r flops"). The local geometry is 
encoded in a triple (S, F, F') where S is a smooth variety and F, F' are two 
rank r + 1 vector bundles over S. If Z C X is the /-exceptional loci, then 
ip : Z = P(F) — > S C X with fibers spanned by the flopped curves C = P 1 
and N Z /x = $*F' <8> 6z{-\). Similar structure holds for Z' C X', with 
F and F' exchanged. See Section ITTT1 for details. (We note that the Atiyah 
flop corresponds to S = pt and r = 1.) Thus it is reasonable to expect 
that ordinary flops will also play vital roles in the study of X-equivalent 
maps. For example, up to complex cobordism, any X-equivalent map can 
be decomposed into P 1 flops [23 J. 

The study of invariance of quantum product under ordinary flops in 
higher dimensions was started in fTT) . The canonical correspondence is 
given by the graph closure [T A and the quantum invariance under 



& = [Ty]* : QH(X) -> QH(X') 
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is proved for all simple P r flops, i.e. with S = pt. The crucial idea is to 
interpret & ' -invariance in terms of analytic continuations in Gromov-Witten 
theory. 

Let us explain this point in a little more details. We use |3]I as our gen- 
eral reference for early developments in Gromov-Witten invariants. Let 
M g/ „(X, /3) be the moduli space of stable maps from genus g nodal curves 
with n marked points to X, and let e, : M c? , n (X, /3) — > X be the evaluation 
maps. The Gromov-Witten potential 

n$ n - «>0,(8eN£(X) J l M g,"( X 'P)r i=l 

is a formal function in £ € H(X) and Novikov variables q$, with /3 G 
NF(X), the Mori cone of effective classes of one cycles. Modulo conver- 
gence issues, it is a function on the complexified Kahler cone to G 1C X := 
H^ 1 + f/Cx via 

^ _ e 27Ti(/5.a;)_ 

Under the canonical correspondence & , F* and F* share the same variable 
t G H = H(X,C) = H(X',C). However, ^ does not identify NE(X) with 
NE(X'). Indeed, for the flopped curve classes i = [C] (resp. if = [C]), we 
have 

&l = -£' £ NE(X'). 

By duality this implies that K x n K x , = in H£. Hence F* and Ff have 
different domains and comparison can only make sense after analytic con- 
tinuations over a certain compactification of K x U JC X , C H£. (Thus the 
naive Kahler moduli K, is usually regarded as the closure of the union of all 
KSfc's with X' = K X.) In other words, we set &af> = q*P. Then ,^Ff can 
not be a formal GW potential of X'. 

In this paper, we will focus on genus zero theory, which carries a quan- 
tum product structure, or equivalently a Frobenius structure [19). Let {F^} 
be a basis of H and {F^ := Eg^TV} the dual basis with respect to the 
Poincare pairing, where g^ v = (T^.T V ) and (g^ v ) = {g}iv)~ l is the inverse 
matrix. Denote t = Yl&Tp a general element in H. The big quantum ring 
(QH(X),*) uses only the genus zero potential with 3 or more marked 
points: 

T,, * f T v = I] ?m?ty?t^ JK = ^ ^ T '" Tl " Tk ' fn ^o,n+3,fi TK - 

k OL OL OL K,n>0,p£NE(X) H - 

The Witten-Dijkgraff-Verlinde-Verlinde equation (WDVV) guarantees that ** 
is a family of associative products on H parameterized by t G H. Equiv- 
alently, for, it equips H a structure of formal Frobenius manifold Hx with a 
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family (in z £ C x ) of integrable (= flat) Dubrovin connections 

V 2 = d-z- 1 Y J dt»®T }l * t 

on the tangent bundle TH = H x H. 

There is a natural embedding of K x in H. With suitable choice of co- 
ordinates we have q = e 2mt( with the Kahler constraint Imf^ > 0. Since 
now &q ( = q~ f , {q^ ,q e '} serve as an atlas for P 1 , the compactification of 
C/Z = C x . This gives the formal H an analytic P 1 direction. In |TT| , for 
simple flops the structural constants d 3 lVK F^(t) for big quantum product 
are shown to be analytic (in fact algebraic) in q. Moreover, & identifies Hx 
and Hx' through analytic continuations over this P 1 . Based on this, in 10 
the Frobenius structure is further exploited to conclude analytic continua- 
tions from to F^ for all simple flops and for all g > 0. 

0.2. Introduction to the main results. This paper studies Gromov-Witten 
theory, mostly in g = 0, under flops over a non-trivial base. The first three 
sections inherit the basic structure developed in l|TT| for the simple-flop 
case, with various theoretical and technical improvements to handle the 
complexity arising from the geometry of (S, F, F'). The last four sections 
contain a number of new techniques which could be useful for later de- 
velopments. They enable us to give the first result on the ^-equivalence 
(crepant transformation) conjecture where the local structure of the excep- 
tional loci can not be deformed to any explicit (e.g. toric) geometry and 
the analytic continuation is nontrivial. As far as we know, this is also the 
first result for which the analytic continuation is established for nontrivial 
Birkhoff factorization. 

Since the proof is quite technical and involves many aspects of GW the- 
ory, it might be helpful to outline the major steps below. Roughly, each step 
below corresponds to a section in the main text. 

Conventions. Throughout this paper, we work on the even cohomology 
H = H even to avoid the complications on signs. In particular, the degree 
always means the Chow degree. Nevertheless all our discussions and re- 
sults work for the full cohomology spaces. 

0.2.1. Defect of cup product under the canonical correspondence. Let {T,} be a 
basis of H(S) with dual basis {?•}. Let h = Ci(^ z (l)) and H k = c k (Q F ) 
where Qp — > Z = P(F) is the universal quotient bundle. Similarly we 
define h' and H' k on the X' side. The Fi^'s are of fundamental importance 
since 

&H k = (-iy- k H' k 

and the dual basis of {TihJ} in H(Z) is given by {T,H r _/}. 
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Theorem 0.1 (Topological defect). Let a\,ai,a-s G H(X) with ^dega ; 
dimX. Then 

(^a 1 .^ r a 2 .^a 3 ) x ' - (a t .a 2 .a 3 ) x 

x 



= (-!) r x E Wt ( fl i- T !l ^- A ) X («2.T !2 H r _ 72 ) x («3.r !3 H r _ / 3 
X ( S /i+72+/3-(2/-+l)( F + F / *)r !l T ;2 T !3 ) S / 

wfoere s, is £fe /-f/i Segre class. 



0.2.2. Quantum corrections attached to the flopping extremal rays. We then pro- 
ceed to calculate the quantum corrections attached to the flopping extremal 
ray K£. Using the calculation, we demonstrate that the "quantum corrected 
product", combining the classical product and the quantum deformation 
attached to the extremal ray, is ^-invariant after the analytic continuation. 
The stable map moduli for the extremal ray has a bundle structure over 

S: 

M , n (P r ,d£) 




S 

In this case, the GW invariants on X are reduced to twisted invariants on Z 
by certain obstruction bundles. We define the fiber integral 

rt 1 ^ s :=Y„(rc =1 <**)G^(s) 

as a ip-relative invariant over S, a cycle of codimension v := YLji ~ fa + 
1 + n — 3). The absolute invariant is obtained by the pairing on S: For 

U G H(S), 

(km,... ,t„h»)j = (<^--»i s .rc=^) s - 

If v = then the invariant reduces to the simple case. This happens for 
n = 2 since then j\ = j 2 = r. Thus we may calculate extremal functions 
based on the 2-point case by (divisorial) reconstruction. To state the result, 
let 

«(») ' 



which satisfies the functional equation f(q) + f = (— 

For 3-point functions, we show that W v := EdeN^ 1 '^ 2 '^ 3 )^^ wrt h 
1 < y',- < r lies in A V (S) [f] and is independent of the choices of //s. 

Theorem 0.2 (Quantum corrections). The function W v is the action on f by a 
Chern classes valued polynomial in the operator 5 = qd/dq. (See Proposition \2.5\ ) 
It satisfies 

W v -(-l) v+1 W^ = (-l) r s v (F + F'*). 
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This implies that the topological defect is corrected by the 3-point ex- 
tremal functions. The analytic continuation for n > 4 points follows by 
reconstruction. 

0.2.3. Degeneration analysis. The next step is to prove that the big quantum 
ring, involving all curve classes, are ^-invariant. As a first step, this state- 
ment is reduced to a corresponding one on /-special descendent invariants 
on the projective local models 

X loc := E = P(N Z/X 0^)4S 

and 

X' loc := E' = P(N Z , /X , ff) 4 s 

by degeneration analysis. 

To compare GW invariants of non-extremal classes, the application of 
degeneration formula and deformation to the normal cone are well suited for 
ordinary flops with base S. It reduces the problem to local models with in- 
duced flop / : E -~* E' . The reduction has two steps. The first reduces the 
problem to relative local invariants (A | e, y) ( E,E ) where E C E is the infinity 
divisor. The second is a further reduction back to absolute local invariants, 
with possibly descendent insertions coupled to E, called f -special type. 

The local model p := ip o p : E — > S and the flop / are all over S, with 
simple case as fibers. In particular, the kernel of : N\(E) — > Ni(S) is 
spanned by the p-fiber line class 7 and ip-fiber line class I. & is compatible 
with p. Namely 

N^E) ^ Ni(£') 




Ni(s)ez 



is commutative. Here we write a class /3 in N\(E) as fts + d£ + ^27 with 
some j6 s in Ni(S) and d,d 2 G Z. Thus the functional equation of a gener- 
ating series (A) is equivalent to those of its various subseries (fiber series) 
{A) hA labeled by NE(S) Z. 

Theorem 0.3 (Degeneration reduction). To proue <^(ci)J = (&ct)g' for all 
ol £ H(X)® n , 5- < ^0/ # JS enough to prove the local case f : E ^ E' for 
descendent invariants of f -special type: 

&{A,T kl ei,...,T kp e p )Z M ^ {&A,T kl ei,...,T kp e p )f M 

for any A £ H(E)® n , k } £ N U {0}, e ; - G H(E) C H(E), g < 0s € NE(S) 
and c?2 > 0. 
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0.2.4. Further reduction to the big quantum ring/ quasi-linear ity on the local mod- 
els. While the degeneration reduction works for higher genera, for g = 
more can be said. Using the topological recursion relation (TRR) and the divi- 
sor axiom (for descendent invariants), the J^-invariance for /-special invari- 
ants can be completely reduced to the J^-invariance of big quantum rings 
for local models. 

We then employ the divisorial reconstruction [13J and the WDVV equation 
to make a further reduction to an J^-invariance statement about elementary 
/-special invariants with at most one special insertion. 

To state the result, we assume now X = Xj oc = E. Since X — >• S is 
a double projective bundle, H(X) is generated by H(S) and the relative 
hyperplane classes h for Z — > S and £ for X — > Z. This leads to another 
useful reduction: By moving all the classes h, £ and xp into the last insertion 
(divisorial reconstruction), the problem is reduced to the case 

(h,...,t n -x,t n T k hig)f s42 

with i t E H(S), d 2 G Z, where k ^ only if i ^ 0. 

By a further application of WDVV equations, the j£~-invariance can al- 
ways be reduced to the case i ^ even if k = 0. Since £ is the class of 
infinity divisor which is within the isomorphism loci of the flop, such an 
J^~-invariance statement is intuitively plausible. We call it the type I quasi- 
linearity property (c.f. Theoreml4.5|). 

The above steps furnish a complete reduction to projective local models 
X; oc , which works for any F and F' . 

To proceed, notice that these descendent invariants are encoded by their 
generating function, i.e. the so called (big) / function: For T S H(X), 

The determination of / usually relies on the existence of C x actions. Certain 
localization data Ip coming from the stable map moduli are of hypergeo- 
metric type. For "good" cases, say Ci(X) is semipositive and H(X) is gen- 
erated by H 2 , 1(t) = Ip q^ determines /(t) on the small parameter space 
H° © H 2 through the "classical" mirror transform x = r(f). For a simple 
flop, X = X/ oc is indeed semi-Fano toric and the classical Mirror Theorem 
(of Lian-Liu-Yau and Givental) is sufficient ltTT| . (It turns out that r = t 
and I = J on H° © H 2 .) 

For general base S with given QH(S), the determination of QH(P) for a 
projective bundle P — > S is far more involved. To allow fiberwise localization 
to determine the structure of GW invariants of X/ oc , the bundles F and F' 
are then assumed to be split bundles. 

0.2.5. Birkhoff 'factorization and generalized mirror transformation. The second 
half of this paper considers ordinary flops of splitting type, namely F = 
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- =0 Lj and F' = 0,'=q H f° r some brie bundles Lj and L • on S. The splitting 
assumption allows us to apply the C x localizations along the fibers of the 
toric bundle X — > S. Using this and other sophisticated technical tools, 
J. Brown (and A. Givental) [lj proved that the hypergeometric modification 

lies in Givental's Lagrangian cone generated by ] x {t,z~ 1 ). Here D = t l h + 
t 2 £, t e H(S), B s = and the explicit form of I^ /s is given in Sectionl62l 
Based on Brown's theorem, we prove the following. (See §|5]for notations 
on higher derivatives 3 ze 's.) 

Theorem 0.4 (BF/GMT). There is a unique matrix factorization 

3 2e J(z,z- 1 ) =zV/(z- 1 )B(z), 

called the Birkhoff factorization (BF) of I, valid along r = r(D, t, q). 

BF can be stated in another way. There is a recursively defined polyno- 
mial differential operator P(z, q; d) = 1 + O(z) in f 1 , t 2 and t such that 

J(z- 1 ) = P(z,q;d)I(z,z- 1 ). 

In other words, P removes the z-polynomial part of I in the NE (X)-adic 
topology. In this form, the generalized mirror transform (GMT) 

T(D,t,q) =D + t+'£q\(D,t) 
is the coefficient of z -1 in / = PL 

0.2.6. Hypergeometric modification and Q) modules. In principle, knowing BF, 
GMT and GW invariants on S allows us to calculate all g = invariants 
on X and X' by reconstruction. These data are in turn encoded in the I- 
functions. One might be tempted to prove the J^-invariance by comparing 
I x and I x . While they are rather symmetric-looking, the defect of cup 
product implies j£7 x ^ I x ' and the comparison via tracking the defects of 
ring isomorphism becomes hopelessly complicated. This can be overcome 
by studying a more "intrinsic" object: the cyclic £F module = where 
Qs denotes the ring of differential operators on H with suitable coefficients. 

It is well known (by TRR) that (z9 f ,/) forms a fundamental solution ma- 
trix of the Dubrovin connection: Namely we have the quantum differential 
equations (QDE) 

zd v zd v ] = Y^C* v (t) zd K J, 

K 

where C*(t) = 'E l ig Kl d^ lvl Fo(t) are the structural constants of *t- This im- 
plies that is a holonomic & module of length N = dim H. For I we 
consider a similar & module = The BF/ GMT theorem furnishes a 
change of basis which implies that is also holonomic of length N. 
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The idea is to go backward: To find ^(\ first and then transform it to 
We do not have similar QDE since I does not have enough variables. In- 
stead we construct higher order Picard-Fuchs equations del = 0, D 7 J = in 
divisor variables, with the nice property that "up to analytic continuations" 
they generate ^"-invariant ideals: 

0.2.7. Quantum Leray-Hirsch and the conclusion of the proof. Now we want 
to determine While the derivatives along the fiber directions are de- 
termined by the Picard-Fuchs equations, we need to find the derivatives 
along the base direction. Write t = 53 PT,-. This is achieved by lifting the 
QDE on QH(S), namely 

zd^djf = Y J C\ j (t)zd k f, 

k 

to a differential system on H(X). A key concept needed for such a lifting is 
the 7-minimal lift of a curve class B s G NE(S) to B\ G NE(X). Various lifts 
of curve classes are discussed in Section[6l See in particular Definition 16 .71 
Using Picard-Fuchs and the lifted QDE, we show that J£"^#;x = ^#j X ' • 

Theorem 0.5 (Quantum Leray-Hirsch). 

(1) (I-Lifting) The quantum differential equation on QH(S) can be lifted to 
H(X)as 

zd.zdjl = ^ q ^ D -^Cl Ps (t)zd k D.(z)I / 

Us 

where Dp (z) is an operator depending only on Bg. Any other lifting is 

related to it modulo the Picard-Fuchs system. 

(2) Together with the Picard-Fuchs and D 7 , they determine a first order 
matrix system under the naive quantization d ze (Definition ^ '.7I > of canon- 
ical basis (Notations W .It T e 's ofH(X): 

zd a (d ze I) = (d ze I)C a (z,q), where t a = t l , t 2 or P. 

(3) The system has the property that for any fixed B$ G NE(S), the coeffi- 
cients are formal functions in t and polynomial functions in q^e 1 , q e e t 
and f(q e e t ). 

(4) The system is ^-invariant. 

The final step is to go from Jt\ to From the perspective of £F mod- 
ules, the BF can be considered as a gauge transformation. The defining prop- 
erty (d ze I) = (zV/)£> of B can be rephrased as 

zd a (zVJ) = (zVJ)C a 

such that 



(0.1) 



C a = (-zd a B + BC a )B- 1 
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is independent of z. 

This formulation has the advantage that all objects in iO.l} are ^"-invariant 
(while I and / are not). It is therefore easier to first establish the j£"-invariance 
of C„'s and use it to derive the j£~-invariance of BF and GMT. 

Theorem 0.6 (Quantum invariance). For ordinary flops of splitting type, the 
big quantum cohomology ring is invariant up to analytic continuations. 

By the reduction above, this is equivalent to the quasi-linearity property 
of the local models. This completes the outline. 

Results in this paper had been announced, in increasing degree of gener- 
alities, by the authors in various conferences during 2008-2010; see e.g. |fl8l 
I2HQ21 where more example-studies can be found. 

In a subsequent work, we will apply ideas in algebraic cobordism of bun- 
dles on varieties [14J to remove the splitting assumption. 

0.3. Acknowledgements. Y.-P. L. is partially supported by the NSF; H.- 
W. L. is partially supported by the NSC; C.-L. W. is partially supported 
by the NSC and the Ministry of Education. We are particularly grateful 
to Taida Institute of Mathematical Sciences (TIMS) for its steady support 
which makes this long-term collaborative project possible. 



1. Defect of the classical product 

1.1. Cohomology correspondence for P r flops. We recall the construction 
of ordinary flops in pTf to fix notations. 

Let X be a smooth complex projective manifold and xp : X — > X a flop- 
ping contraction in the sense of minimal model theory, with xp : Z — > S the 
restriction map on the exceptional loci. Assume that 

(i) xp equips Z with a P'-bundle structure xp : Z = P(F) — > S for some 
rank r + 1 vector bundle F over a smooth base S, 

(ii) N z/x \ Zs = 0pr(-l) e ( r+1 ) for each t^-fiber Z s , s G S. 

Then there is another rank r + 1 vector bundle F' over S such that 

N z/x ^0p iF] (-l)®tp*F'. 
We may blow up X along Z to get (p : Y — > X. The exceptional divisor 

E = P(N Z/X ) S P(xp*F') = pP(F') = P(F) x s P(F') 

is a P r x P r -bundle over S. We may then blow down E along another fiber 
direction (p 1 : Y — > X' to get another contraction xp' : X' — > X, with excep- 
tional loci f : Z' = P(P') -> S and N z7x ,U,_ fiber S ^ P , (-l)®( ! '+ 1 ). 
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We call the / : X — » X' an ordinary P r flop. The various sets and maps 
are summarized in the following commutative diagram. 




where the normal bundle of E in Y is 

N E /y = <f^p(F)(-l) 

First of all, we have found a canonical correspondence between the coho- 
mology groups of X and X'. 

Theorem 1.1. [11 1 For an ordinary P r flop f : X — - ► X', the graph closure T := 
[If] e A(XxX') identifies the Chow motives XofX and X> ofX' , i.e. X = X' 
via P o T = A x and T o P = A x >. In particular, & := T* : H(X) -> H(X') 
preserves the Poincare pairing on cohomology groups. 

In practice, the correspondence T associates a map on Chow groups: 

J? : A(X) -> A(X'); W h4 p', (T / .p*W) = #0*W 

where p (resp. p') is the projection map from X x X' to X (resp. X'). 

Secondly, parallel to the procedure in [11 J, we need to determine the 
explicit formulae for the associated map restricted to A(Z). The Leray- 
Hirsch theorem says that 

A(z) = rMs)[h]/Mh) 

where / F (A) = A r+1 + fci(F)k T H + xp*c r+1 (F) is the Chern polyno- 
mial of F and h = c\(0 P ^(l)). Thus a class a G A(Z) has the form 

a = YJi=o nll ^* a i f° r some fl, G A(S). 

By the pull-back formula from the intersection theory, it is easy to see 
that for a G A^{Z) we have 

<p*{Ua) =j,[c r {S)4*a^ G Ajt(Y) 

where <f is the excess normal bundle defined by 

-> N E/Y -4 <p*N z/ x <f 0. 

By the functoriality of pull-back and push-forward together with the 
above formula, we can conclude from ^"(z* h l tp*Oi)) = E^O* (h l ))i'^{p'*aj 
that J^" restricted to A(Z) is A(S)-linear. Here we identify the ring A(S) 
with its isomorphic images in A(Z) and A(Z') via i/?* and ip 1 * respectively. 

Under such an identification, we will abuse notations to denote c ; (F), 
ip*Ci{F) and ip'*Ci(F) by the same symbol c;. Similarly we denote c,(F'), 
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rp*Cj(F') and ip'*Cj(F') by c\. We use this abbreviation for any class in A(S). 
And for a G A(Z) we often omit z* from z'*a when a is regarded as a class 
in A(X), unless possible confusion should arise. Similarly we do these for 
k' E A(Z') ^ A(X'). 

The A (S) -linearity of & restricted to A(Z) allows us to focus on the 
study of a basis for A(Z) over A(S). Recall that for a simple P r flop we 
have the basic transformation formula ,^{h k ) = ( — l) r ~ k h' k . Unfortunately 
for a general P r flop, this does not hold any more, so a better candidate has 
to be sought out. 

Note that the key ingredient in the pull-back formula is c r (&). From the 
Euler sequence 

and the short exact sequence defining the excess normal bundle $ , we get 

g = ty*6-pt v \ (— 1) <g> <p'*Qp. A simple computation leads to 

c r {S) = {-l) r ($*h r - fl*H$*h r - 1 + 4>'*H' 2 $*h r - 2 + • • • + {-iyf*H' r ), 
where H' k = c k (Qp). Explicitly 

H' k = h' k + c^h*- 1 + • • • + 4 
where h' = Ci(^ P ^(l)). Similarly we denote 

H k = c k {Q F ) = h k + c 1 h k - 1 + --- + c k . 

Notice that H k = = H' k for k > r. Finally we find that H k , H' k turn out to 
be the correct choice. 

Proposition 1.2. For all positive integers k <r, 

*(H k ) = (-iy- k H' k . 

Proof. First of all, we have the basic identities: h r+1 + c\h r + • • • + c r+ \ = 0, 
^*h' = for all i < r and fcfrW = [Z'\. The latter two follow from the 
definitions and dimension consideration. 

In order to determine ^(H k ) = (p'^(c r (£).(f>*H k ), we need to take care of 
the class $ t (<F*H^_ i $*h i .$*Hk) with < i < r, here Hq := 1. 

If z > r — k, then 

^'*H' r _^h\^H k ) = $U$'*H' r -iP(h k+i + c 1 h k+i - 1 + • • • + c k U)) 
= -^(fH^flcHir 1 + c, +2 /z ! - 2 + • • • + c r+l h i+k - r - 1 )) = 

since the power in h is at most z — 1 < r. 

If z < r — k, then again ip'*(<p'*Hy_ i <p*h l .<p*Hk) = since the power in h is 
at most i + k < r. 

For the remaining case i = r — k, 
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We conclude that 

= {-iyj^(-iy-%(rK- i ph i .pH k ) = (-ir k H' k . 

i=0 

□ 

Remark 1.3. Unlike simple P r flops, here the image class of h k under & looks 
more complicated. As a simple corollary of the above proposition, we may 
show, by induction on k, that for all k G N, 

&(h k ) = (-iy- k (a ti k + a^- 1 + • • • + a k ) G A(Z') 

where flo = 1 and fljt £ ^(S) are determined by the recursive relations: 

4 = a k ~ Cl«Jt-l + c 2 %-2 H h (-l)*c fc - 

And symmetrically 

^* (ft*) = (-l)'-*^* + a[h k - 1 + • • • + 4) G A(Z) 

with «q = 1, = 44-1 - 44-2 "! !" ( - 1)* -1 4 + 

To put these formulae into perspective, we consider the virtual bundles 

A :=¥'-¥*; A':=F-F'*. 

Then a k = c k (A) and a' k = c k (A'). Notice that since a k and a' k are Chern 
classes of virtual bundles, they may survive even for k > r + 1. 
It is also interesting to notice that the explicit formula reduces to 

j?(h k ) = {-iy- k h' k 

without lower order terms precisely when F' = F* , the dual of F. 

1.2. Triple product. Let {T k } be a basis of H 2k (S) and {if} C H 2 ( s - fc )(S) 
be its dual basis where s = dimS. It is an easy but quite crucial discovery 
that the dual basis of the canonical basis {Tfhi} in H(Z) can be expressed 
in terms of {H k } k >o. 

Lemma 1.4. The dual basis of '{jQ ~ 'V} j< m m{ krr } in H 2k (Z) is {f i ^H r -j}j <min ^ kr j 
in H 2 ^ r+s - k \Z). 

Proof. We have to check that (T k r j ti .f^H^j) = 1 and (T^W .f k r f H r _ f ) = 
for any ; ^ f. Indeed, 

(Tf' i hi.ff~ i H r _ j ) = T s (h r + c 1 /i f - 1 + •••) = T s h r = 1 
since T S C; = for all i > 1 by degree consideration. 

Notations 1.5. When X is a bundle over S, classes in H(S) may be consid- 
ered as classes in H(X) by the obvious pullback, which we often omit in 
the notations. To avoid confusion, we consistently employ the notation % 
as the dual class of % G H(S) with respect to the Poincare pairing in S. 
The "raised" index form, e.g. as the dual of G H(X), is reserved for 
duality with respect to the Poincare pairing in X. 
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Now if / > ; then 

k-j+(s-(k-j'))=s + (j'-j)>s, 
which implies that t\ 'ff ' = 0. Conversely, if < ; then tf iff ; G 

H 2(s-(;-;'))( S )and 

h'H r _ f = //+0W) + d^+O'"/)- 1 + • • • + c M W 
= -c r _ r+1 hi- 1 Cr+ih'-i'- 1 . 

Again since 

( s - (j -j')) + (r-f + z)=s + (r + z- j) > s 

for z > 1, we have "if 'ff ; c r _f +z h>^ z ^ 1 = 0. The result follows. □ 

Now we can determine the difference of the pullback classes of a and 
as follows. 

Proposition 1.6. For a class a £ H 2k (X), let a' = in X'. Then 

cp>*a> = fa + UL E ^ j *r H )T\- jX ^^ 

i l<;<min{fc,r} ~ r " 

where x = (p*h, y = (p'*h'. 
Proof. Recall that 

N E / Y = r^z(-l)®^*^z'(-l) 

and hence C\(Ne/y) = — (x + y). Since the difference <p'*a' — <p*a has sup- 
port in E, we may write <p'*a' — <p*a = ;'*A for some A G H 2 ( fc-1 )(E). Then 

(tf/V- fa) | E =;*;* A = Cl (N E/Y )A = -(z + y)A. 

Notice that while the inclusion-restriction map /'*;'* on H(E) may have 
non-trivial kernel, elements in the kernel never occur in (p'*a' — <p*a by the 
Chow moving lemma. Indeed if /'*/'* A = ;'*A|e = then ;'*A is rationally 
equivalent to a cycle A' disjoint from E. Applying to the equation 

<p'*a' — (p*a = ;'*A ~ A' 

gives rise to 

<^A' ~ <p'*<p'*a' - (pi(p*a = a' - a' = 0. 

This leads to A' ~ on Y. 
Hence 
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By the above lemma, we get 

F(«lz)=**(E E (a^Hr-j)^-^) 

i j<mm{k,r} 

= E E («.T^H r _ y )Tf-^/. 

i ;<min{ft:,)'} 

Similarly, we have 

r(«'lzO = E E («'.fHH;_ ; .)Tf-V. 

! ;<min{A:,r} 

Since preserves the Poincare pairing, 

(a'.ff-'H'^) = (&a.&((-l) r -<r-fift->H M )) = {-!)> {a.f^ H^). 
Putting these together, we obtain 

A = E E i^Br-iif'^f- 
i l</<min{fc,r} ^ * 

□ 

Remark 1.7. Notice that since the power in x (and in y) is at most r — 1, 
the class A clearly contains non-trivial </> and fiber directions. Thus this 
proposition in particular gives rise to an alternative proof of equivalence of 
Chow motives under ordinary flops (Theorem 0.2). Indeed this is precisely 
the quantitative version of the original proof in (TT| . 

Now we may compare the triple products of classes in X and X'. 

Theorem 1.8 (= Theorem[Uj}. Let a, G H 2k < (X) for i = 1, 2, 3 with k 1 +k 2 + 
k 3 = dim X = s + 2r + 1. Then 

(^a 1 .^ r a 2 .^a 3 ) = (aa.fl2.fl3) + (-l) r x 

E(«i.f- /l H f _ A )(fl 2 .^^H r _ /2 )(« 3 .^-%,.- / 3)x 



/- f 1-/If2-J2T.« 

l S ii+72+;'3-2r-l-' ;i *j 2 *j 3 

ro/iere the sum is over all possible i\,ii,h cmd j\,j 2 ,j 3 subject to constraint: 1 < 
j p < min{r, k p } for p = 1, 2, 3 and j 1 + ji + 73 > 2r + 1. Here 

Si := Si (F + F'*) 

is the ith Segre class ofF + F'*. 

Proof First of all, <p'*^ai = 0*0* +/'*A; for some A, G H 2 * _1 )(E) which 
contains both fiber directions of </> and <^'. Hence 

{&a x .&a 2 .&a 3 ) = {$'* & a x .§'* & a 2 .{$* a* + /*A 3 )) 

= {<p'*^a x .<p'*^a 2 .fa 2> ) = + j*\ x ).{<p*a 2 + /*A 2 ).0*a 3 ). 

Among the resulting terms, the first term is clearly equal to (a\.a 2 .a 3 ). 



16 Y.-P. LEE, H.-W. LIN, AND C.-L. WANG 

For those terms with two pull-backs like (p*a\.(p*a2, the intersection val- 
ues are zero since the remaining part necessarily contains nontrivial (p fiber 
direction. 

The terms with </>*fl3 and two exceptional parts contribute 



x + y J 12 \ x + y 
= -pa 3 .U(Tl^T%-»(xh - (-y)^(x'^ + x'^(-y) + ... + (-y)*" 1 )) 

times (ai.T£~ h H rHl )(a 2 .T£~ ,2 H rH2 ). The terms with non-trivial contribu- 
tion must contain yl with q > r which implies )\ + ]i — 1 > r, hence such 
terms are 

-(-y) /l (x*- 1 -( r -*)(-y) r -* +^" 1 -('-A)-i(_y)'-A+i + . . . + (-y^- 1 ) 
and the contribution after taking 0* is 

(-i) r+1 (^ + -»- r - 1 - ^ + *- r - 2 si + • • • + (-i)* + *- r - 1 s; 1+ £_ r _ 1 ) 

where s- := Si(F') is the /th Segre class of F'. Here we use the property of 
Segre classes to obtain (p*yl = s' q _ r for q > r + 1. 
In terms of bundle-theoretic formulation, 

yi+h-r-i _ fe ;i+; 2 -r-2 s / + . . . + (-^h+h-r-i^^ 

= ((l- s ' 1+s ' 2 + ...)(l + h + h 2 + -.-)) n+j2 _ r _ 1 



= (c(Q F ).s(F + F'*)). i+ ._ r _ 1 
With respect to the basis {ff }, SpT* 1 ^ 1 if is of the form 

E/~ f^i ~A 7*2-/2 T=.fc 3 -(2r+l+p-/ 1 -;' 2 )\ fk 3 -(2r+l+p-j 1 -j 2 ) 
\ s P 1 i 1 l i 2 l h ) L h 

We define the new index fa = 2r + 1 + p — )\ — ]i and thus ]\ + /2 + /3 > 
2r + 1, also p = ji+ ji + /3 - 2r - 1. 

By summing all together, we get the result. □ 

There is a particularly simple case where no H, or Segre classes s,- are 
needed in the defect formula, namely the P 1 flops. 

Corollary 1.9. For P 1 flops over any smooth base S of dimension s, let a, G 
H 2k '(X) for i = 1, 2, 3 ontft fci + A: 2 + = dim X = s + 3. Tfe>n 

(^ r a 1 .^a 2 .^a 3 ) = (fl1.fl2.fl3) -X]( fl i-^i)( fl 2.F2)(fl3.F3)(T , iT 2 T 3 ) 

with Tj running over all basis classes in H 2 ^ -1 ) (S). 
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There is a trivial but useful observation on when the product is pre- 
served: 

Corollary 1.10. For a P r flop f : X — -> X', a x G H 2,c i(X), a 2 G H 2k2 (X) with 
k 1 +k 2 < r, then ^{a x .a 1 ) = ^ r a 1 .^a 1 . 

This follows from Theorem 11.81 since all the correction terms vanish for 
any . In fact it is a consequence of dimension count. 

2. Quantum corrections attached to the extremal ray 
2.1. The set-up with nontrivial base. Let a ; G H 2ki (X), i = l,...,n, with 

n 

E^ = 2r + l + s + (n -3). 

Since 



!=1 



s i ji<mm{kj,r} 



we compute 



(fll,. . .,fln)o,n ; , 



rf/' 



E 



f[ H-/,) eKFtf ".ht'Aei&fUZ+iN) 



i=i 



j=i 



i=i 



with the sum over all s = (si ,s„) and admissible ; = (ji, . . .,;„). By the 

fundamental class axiom, we must have ji > 1 for all i. 
Here we make use of 

[M Q , n (X,di)) virt = [M 0/tl (Z,d£)] H e{R l fUe* n+x TSl) 

and the fiber bundle diagram over S 

M 0/ „ +1 (Z,d£) N = N Z/X 



M , n {P r ,dt) 



ft 
Y 




as well as the fact that classes in S are constants among bundle morphisms 
(by the projection formula applying to Y„ = {p o e, for each i). 
We must have YL{ki — ji) < s to get nontrivial invariants. That is, 

/; 

E/i >2r + l + n-3. 

! = 1 
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If the equality holds, then U'Li 

is a zero dimensional cycle in S and 
the invariant readily reduces to the corresponding one on any fiber, namely 
the simple case, which is completely determined in fTTf: 

{Tlr h ■ ■ ■ Tth s (h h fc^Cf = (n^^. 

On the contrary, if the strict inequality holds, by the dimension counting 
in the simple case, the restriction of the fiber integral to points in S 

vanishes. In fact the fiber integral is represented by a cycle Sj C S with 
codimension 

v:=£;;-(2r + l + n-3). 

The structure of Sj necessarily depends on the bundles F and P. 
One would expect the end formula for Y n * (•) to be 

s v (F + P*)Njd n - 3 

with Nj=l for n < 3 so that the difference of the corresponding generating 

functions on X and X 1 cancels out with the classical defect on cup product. 
Unfortunately the actual behavior of these Gromov-Witten invariants with 
base dimension s > is more delicate than this. 

Notice that the new phenomenon does not occur for n = 2. In that case, 
k\+k2 = 2r + s, ji = jj = r and we may assume that f S2 is running through 
the dual basis of f Sl . Since then the nontrivial terms only appear when f Sl 
and f S2 are dual to each other, we get 

{^2)ll M = E(«l-^)(«2-t)(^^)f Ple 

s 

= (-l)(^i)C+i)^(fl 1 .T s )(fl 2 .f s ). 

It is also clear that the new phenomenon does not occur for P 1 flops over 
an arbitrary smooth base S. Thus before dealing with the general cases, 
we will work out the first (simplest) new case to demonstrate the general 
picture that will occur. 

2.2. Twisted relative invariants for v = 1. Consider P r flops with n = 3 
and ji + ]2 + )3 = (2r + 1) + 1 = 2r + 2, namely with one more degree (i.e. 
v = 1) than the old case. We start with {j\,]2,]z) = (2, r, r). Since classes 
from S can be merged into any marked point, the invariant to be taken care 
is 

for some t G H 2 ( S_1 )(S). Equivalently we define the fiber integral 

(flh»Y S :=Y m (fle*hA e A(S) 
\=i /d \=i ' 
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to be a ^-relative invariant over S and we are computing 

{h 2 ,h\th r )^ = {(h 2 l h r ,h r ) / d s .t) s 

now. Notice that for r = 2, 6 > ]\ + jz + ]3 > 5 hence (2, 2, 2) is precisely 
the only new case to compute. 

The basic idea is to use the divisor relation p3| (for n > 3 points invari- 
ants) 

(2.1) e*h = e*h + £ (^[D^|^]^ f -d'[D^| iM „]- rt ) 

to move various h's into the same marked point. This type of process is 
also referred as divisorial reconstruction in this paper. Once the power ex- 
ceeds r, the Chern polynomial relation reduces h r+ into lower degree ones 
coupled with (Chern) classes from the base S. This will eventually reduce 
the new invariants to old cases. While this procedure is well known as the 
reconstruction principle in Gromov-Witten theory, the moral here is to show 
that this reconstruction transforms perfectly under flops. 

Let A(X) = Zf, Tfi ® V be a diagonal splitting of A(X) C X x X. That 
is, {Tft} is a cohomology basis of H(X) with dual basis {T^}. Apply the 
divisor relation ((Zjjwe get 

(h z ,h r ,th r ) d =(h r h r +\th r ) d 

+ E L d ''( h ' mr ' T H)d'(T t \h r ) dll -d / (h / T tl ) dl (T^h r ,th r ) dl , 

d'+d"=d ft 

The last terms vanish since there are no (non-trivial) two point invariants 
of the form (h, T^)^. 

Since h r+1 = —c\h r — ciW~ x — ■ • ■ — c r+ \, the first term clearly equals 

-{ Cl :t) s {h,h r ,h r )T vle = -(-i) ((, - 1)( '- +1) (cii) s . 

For the second terms, notice that the only degree zero invariant is given 
by 3-point classical cup product. Hence if d' = then we may select {T^} 
in the way that h.th r appears as one of the basis elements, say T° = th r+l 
(this is not part of the canonical basis). Thus d" = d and the term equals 

d{h,th r ,T Q )o{ih r+ \h r ) d 

It remains to consider 1 < d" < d — 1. In this case we may assume that 
To = th r since no lower power in h is allowed. To compute T° explicitly, 
since we are considering extremal rays, we may work on the projective 
local model X /oc = P(N Z /x © @) of X along Z. 

By applying Lemma lL4l to H(X/ 0C ), we get 

Lemma 2.1. Let {z,} be a basis of H (Z) and £ = ci(ff P t N<s ^(l)) be the class of 
the infinity divisor E. The dual basis for {z^ r+1 ^i}j< r+1 is given by {z ! -0 / } ; < r+ i 
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where 

®; := Cj(Q N ) = $ + Ci(N)^- 1 + • ■ • + Cj(N). 
In particular, &j\z = Cj(N). Moreover, since N = ip*F' ® we have 

c r+1 (N) = (-iy +l (¥ +1 - c[¥ + ■■■ + (-l) r+1 c' r+1 ). 

Now if z = th r and T = Zo£° = t¥ , then T° = F0 ; -+i and the invariants 
become 

d"{h r ih r / th r )d>(tc r+ i(N),h r ) d « 

= _(_ 1 )(i'-l)(r+l)(_ 1 )r+l d » (F-(ci +c / )) S^r / ^simple 

= _(_i)(d'-i+d"-i+i)(m) ((ci +c ' 1 ).f)S 
= _ ( _ 1) (^D( ) -+i) ((ci + c / )i) s_ 

Summing together, we get 

(// 2 / ^ / F/ I '-), = (-l)( rf - 1 )('-+ 1 )(((-c 1 + c / 1 )i) s -d((c 1 +ci)I) s ). 

By exactly the same procedure, as long as ]i < r or /3 < r, the boundary 
terms in the divisor relation necessarily vanish by the exact knowledge on 
2-point invariants, hence 

{h'\h' 2 ,th> 3 ) d = {h^- l ,y 2+l ,W 3 ) d . 

In particular, any invariant with )\ + ]i + y'3 = 2r + 2 may be inductively 
switched into (h 2 , h r , th r ) d . Hence we have shown 

Proposition 2.2 (n = 3, v = 1). For £f =1 = 2r + 2 and f G H 2 ^ 1 ) (S), 

(hi\hi\th*) d = (-l^-^+V^sx.t) 8 -d( Cl (F + F').t) s ). 

As in IfTTH , this implies that the 3-point extremal quantum corrections for X 
and X' remedy the defect of classical cup product for the cases v = 1. 
To see this, it is convenient to consider the basic rational function 

(2-2) f(f) := , A r+lfl = E(-l) (d - 1)(m V, 

L \ 1 ) H d >\ 

which is the 3-point extremal correction for the case V = 0. It is clear that 

fOrt+ffa- 1 ) = (-!)'. 
Since ,^{tW) = (—lyth'J for < r, the geometric series on X 

E(-l)("-l)^ 1 )(S 1 .f)V = (Si.QW) 

d>l 

together with its counterpart on X' exactly correct the classical term via 

= (M)W) + f(rt) = (-l) r (M) S . 
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The new feature for v = 1 is that we also have contributions involving 
the differential operator = <p d/ dq , namely 

-{ Cl {F + F').t) s Y2(-l) {d ~ 1){r+1) dq M = — (ci(F + F').t) s 5 h i(q e ). 

This higher order series does not occur as corrections to the classical de- 
fect, though it is still derived from the v = information together with the 
classical (bundle-theoretic) data. Of course it is invariant under P r flops in 
terms of analytic continuation. 

Remark 2.3. It is helpful to comment on th) and J^(ih)) to avoid confusion. 
Since the Gromov-Witten theory of extremal curve classes localizes to Z, 
tW is regarded as a\z for some a G H(X). If j < r, the familiar formula 
^a\z' = (—iyih'1 follows from Lemma ll.2[ Lemma ll.4l and the imparl- 
ance of Poincare pairing. However this formula is not true for j > r. 
Instead, by the Segre relation tp^h r+v = s v , we find that h r+v = s v h r + 
(lower order terms). This observation will be useful later. 

2.3. Twisted relative invariants for general v. We will show that when 
Yh=iH = 2r + 1 + v (v < r — 1), there is a degree v cohomology val- 
ued polynomial W F,F (d) = Y%=o w v,i(F, F') d 1 with coefficients w V/ i(F, F') E 
H 2v (S,Q) such that for any class t G H 2 ^- V \S), 

(h>\hi\thh) d = {-\)^ {r+1 \W T v ' r I) s {d) 

:= (-l^W+V^w^F,?).!) 8 d l . 

(=0 

Hence the 3-point extremal correction is given by 

(h'\h'\thh) + := ^(hi\h)\th*) d q M = (W F ' F> .t) s (S h )f (q ( ). 

d>l 

and the corresponding ^-relative invariant is equal to 

(hhM,h^y + s = W^'(S h )i(q { ). 

The constant term of W F,F is the i/th Segre class of F + F'* . This is what 
we need because (as in the v = 1 case) 

MOft - (-i) h+h+h §W) = (-1)%. 

That is, the classical defect is corrected. 
Similarly, for the d l component with i > 1, 

w Vii 5ii{q e )=w Vil {-5 h ,y{{-iy -t{q e ')) = {-l) i+l w Vii fyf (/). 

This is expected to agree with ( — iy i+ l 2+ i 3 w' v iSyf^q ). Hence we require 
the alternating nature of W: 

w Vii (F',F) = (-iy+ i w l , i (F,F'). 
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Remark 2.4. We ignore the degree zero (classical) invariants in the formula- 
tion since they depends on the global geometry of X and X' and could not 
be expressed by local universal formula (only their difference could be). 

Recall that for 1 < v < r — 1, any 3-point invariant (tihfr, tjb) 1 , t^ 3 )d 
with 1 < < r and Y/h = (2r + 1) + v is equal to the standard form 
(h v+1 ,h r ,th r ) d where t = hhh G H 2 ^- V \S). The study of it is based on 
the recursive formula on extremal corrections W v := (h v+1 , h r , h r )^\ 

Proposition 2.5. 

w v = s v i+{^ w v -j((-iy Cj i - (-i)'' +/ c;.f - Cj ). 

Proof. As in IITT1 , by using the operator 5^, the divisor relation can be used 
to obtain splitting relation of generating series 

(h v+ \h r ,W} + = {h\V+\W) + + Y J {h v ,th r ,T ¥ ) + 5 h {TV,h r ) + + {s v .t) s i. 

i 

The last term is coming from the case with &\ = 0: 

J2(h v ,th r ,T H } 5 h (T>',h r } + = 6 h (ih v+r ,h') + = (s v .t) s L 
v 

Here the Segre relation h r+v = s v h r + (lower order terms) and the complete 
knowledge of 2-point invariants is used. 

By the Chern polynomial relation, the first term equals 

- £(h v ,c j hr+ 1 -i,ih r ) + = - £(h v ->+\h'- / c j th'-} + = - f^(W vH . Cj t) s . 

j=i j=i j=i 

For the second sum, we take the degree r + 1 part of T f /s being of the 
form {tjh r+1 -i} v j=l with tj € H 2 i(S) to be determined later. Then as in the 
previous calculation, using local models, the corresponding dual basis T^'s 
are given by {F / H ; _i0 r+ i}J =1 . We need the W part of 

H/-l©r+l 

= {-\y+\hi- 1 + Cl y- 2 + ■■■ + c M ){h r+1 - c[h r + ■■■ + 

in the standard presentation of H(Z). By c := c(F + F'*) = c{F)c(F'*), it is 
(— l) r+1 times the W part of 

h r (cj - Cj ) + h r+1 c hl + h r+2 c h2 + ■■■+ h r+ >. 

By the Segre relation and c(F'*) = s(F)c(F + F'*), the term is 

h r (£j + siSj-n + s z Cj- 2 H h S;_ici + Sj - cj) = h r ((-l)ic'j - Cy). 

Now we let ij = (— l^'cj — cy, and then the sum becomes 

( _i)H-i £ i (w,w,i j hr +1 -i) + i = (-iy +1 t(w v - ; -((-iy c ; - C/ )f.f) s . 

;=1 ;=1 
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The result follows by putting the three parts together. □ 
Theorem 2.6 (= Theorem I0.2[). The ^-relative invariant over S 

with 1 < ji < r, v = Yiji ~ (2?" + 1) < r — 1 is the action on f by a universal (in 
c(F) and c(F')) rational cohomology valued polynomial of degree v in 5^, which is 
independent of the choices ofji's and satisfies the functional equation 

w v - (-iy +1 wi = (-i)% 

for < v < r - 1. 

Proof. Since Wo = f , by Proposition 12.51 it is clear that W v is recursively 
and uniquely determined, which is a degree V + 1 polynomial in f with 
coefficients being universal polynomial in c(F) and c(F') of pure degree v. 
Let 

5 = 5h = qdf dq. 

In order to rewrite W v as a degree v polynomial in 5i, we start with the 
basic relation 

Sf = f+(-l) r+1 f 2 . 

Since S(fg) = {5f)g + fdg, it follows inductively that 5 m i can be expressed 
as P m (i) = f + • • • + (— l) m ( r+1 )m!f m+1 with P m being an integral universal 
polynomial of degree m + 1. Solving the upper triangular system between 
^'f'sand f m+1 's gives f +1 = (-l) m{ ? +v >5 v i/v\ + • • • = Q v (£)f with Q F be- 
ing a rational polynomial. Clearly W v then admits a corresponding rational 
cohomology valued expression as expected. 

It remains to check that W v satisfies the required functional equation 

w v - (-iy +1 wi = (-i)%. 

We will prove it by induction. The case v = goes back to f + f ' = ( — l) r 
where f := f (q^) and f := f ) = i(q~ l ) under the correspondence J?. 
Assume the functional equation holds for all j < v. Then 

W v = S v f + £ W v _/((-l) r C,f - (-I) r+/ Cj.f - C/ ), 

wj = <f + £ wj_ y ((-i)V y f - (-i) r+ V - c'j). 

;'=i 

By substituting 
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into W v , we compute, after cancellations, 

w v - (-iy +1 w v 

= M + (-l)Xf' + E ((-l) ; sV/c;f' - g^-ycyf - (-l) r A-yc;) 
;'=i 

= M + (-l) v <f + (Sv - S,)f - ((-1)X - § v )f - (-l) r (Sv - S V ) 
= S v (f + f)-(-l) r Sv + (-l) r ffv 
= (-1)%, 

where both directions of the Whitney sum relations 

s(F) = S (F + F'*)c{F'*); s(F'*) = s(F + F'*)c(F) 
are used. The proof is completed. □ 
Corollary 2.7. For any ordinary flop over a smooth base, we have 

&{a u a 2 ,a 3 ) x (J^i, JFa 2 , J%) x ' 
modulo non-extremal curve classes. 

2.4. Functional equations for n > 3 point extremal functions. For ordi- 
nary flops over any smooth base, we will show that Corollary 12.71 extends 
to all n > 4. Namely 

&(a lf --- ,a n ) x = (&ai,--- ,&a n ) x ' 

modulo non-extremal curve classes. 

By restricting to Z and Z', it is equivalent to the nice looking formula 

,^(h'\ ■ ■ ■ ,th'") £ (-l) L ' ! {h''\ ■ ■ ■ ~th'i") 

for all 1 < ji < r, where for notational simplicity the n-point functions in 
this section refer to extremal functions, that is, the sum is only over Z + £. 

Notices that &(th)) = ( — l)ith'i only for j <r and it fails in general for 
j > r if the base S is non-trivial. In fact, we have 

Lemma 2.8. 

,^(h r+1 ) - {&h) r+1 = {-l) r+l ^© r+ l 

along Z' 

Proof. This is simply a reformulation of Lemma IZTl □ 

It is easy to see that ■ ■ ■ ,tW n ) ^ (-1)^'' (h'* 1 , ■ ■ ■ Jh'i") if some 

// > r. This appears as the subtle point in proving the functional equations 
for n > 4 points. The above lemma plays a crucial role in analyzing this. 

Theorem 2.9. Let f : X ---> X' be an ordinary P r flop with exceptional loci 
Z = P(F) S and Z' = P(F') S. Then for n>3, 

&(h}\ ■ ■ ■ , thi») x s ■■■ , &th><<) x ' 

forallji's and t G H 2 ^- V \S) with v = Lf =1 ji - (2r + l + n -3). 
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Proof. This holds for n = 3 by Corollary 12.71 Suppose this has been proven 
up to some n > 3. The basic idea is that an iterated application of the 
divisor relation using the operator 5h should allow us to reduce ann + 1 
point extremal function to ones with fewer marked points. The technical 
details however should be traced carefully. 

The first point to make is on the diagonal splitting A(X) = Y^]i ® T^. 
Since the Poincare pairing is preserved, J^T^ is still the dual basis of J^T^ 
in H(X'). Thus we may take the diagonal splitting on the X' side to be 
A(X') = E^<g>jrp. 

We only need to prove the case that all // < r. The P 1 flops always have 
v = and the proof is reduced to the simple case. So we assume that r > 2. 

We will prove the functional equation by further induction on j\ . The 
case ji = 1 holds by the divisor axiom and induction, so we assume that 
ji > 2. By applying the divisor relation to (i,j,k) = (1,2,3), we get 

(hj\hj\hK, ■■■) = (h^-\h> 2+ \h'\ ■■■) 

+ £<fe*-i> / ... ,T ¥ )5 h {h)\... ,T>') -S h (hh-\... ,T tl ){h'\V\-.. ,V l ). 

Since )\ — 1 < r, (hf 1-1 , • • • , T^) can not be a 2-point invariant unless it is 
trivial. Hence we may assume that (h) 2 , W 3 , ■ ■ ■ , TP) has fewer points. 

The term (W 1 ~ l , h> 2+1 , h) 3 , ■ ■ ■ ) is also handled by induction since ]\ — 1 < 
ji . Thus we may apply & to the equation and apply induction to get 

&{h)\hj\hK, ■■■) = (JW-^&W+K&h*, ■■■) 

H 

where ^ o <5/ ; = o by [11 J, Lemma 5.5. 
Notice that in the first summand, 

3?{h>\ ■■■ ,T* l ) = (,^h'\ ■ ■ ■ ,^V) 

if it is not a 2-point invariant. Also the 2-point case survives precisely when 
]2 = r and = pt.h r . In that case, by the invariance of 3-point extremal 
functions in the v = (simple) case, the corresponding term becomes 

^5 h (h r ,T>')=^(h,h r ,T>>) + 

= {&h,^h r ,&V l ) + + {-l) r = 6,? h (J?h r ,^P l ) + (-l) r . 

Also T^z = ©r+i|z- Hence by Lemma l2.8l the extra (—1)' contributes 

-(SW' 1 ,^, ■ ■ ■ ,&h r+1 ) - {^h^-\,W, ■■■ , (^h) r+1 ). 

Since ]i = t, the LHS cancels with the first term in the divisor relation and 
we end up with the RHS as the main term. 

Now we compare it with the similar divisor relation for 

(^h j \.^h' 2 r ^h i3 , ■■■) = {.^h..^y x ~ l ,.^h j2 ,.^h)\ ■■■) 
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under the diagonal splitting A(X') = £ f( J% <g> Namely 

■ ■ ) 

+ J^{.?h»-\.?hi\ ■ ■ ■ ,&T ¥ )6# h {&h!\ ■ ■ ■ ,&V l ) 

If 72 < t then there is no 2-point splitting and i^7z.jF/V 2 = ^/V 2+1 , hence 
the functional equation holds. If 72 = f then ,^h.^h r = (jF/z) f+1 . This 
again agrees with the main term obtained above. Hence the proof of func- 
tional equations is complete by induction. □ 

Formula for Wj := (hfa, • • • ,W")^ S can be achieved by a similar process 
as in Lemma |231 whose exact form would not be pursued here. In general 
it depends on the vector j instead of YLh- 

Remark 2.10. Theorem 10.21 and 12.91 (for the special case ¥' = ¥*) have been 
applied in (H to study stratified Mukai flops. In particular they provide 
non-trivial quantum corrections to flops of type A n ,2/ D5 and Egj. 

3. Degeneration analysis revisited 

Our next task is to compare the Gromov-Witten invariants of X and X' 
for all genera and for curve classes other than the flopped curve. As in |[TT|, 
we use the degeneration formula |fl7l IT6H to reduce the problem to local 
models. This has been achieved for simple ordinary flops in [11 J for genus 
zero invariants. In this section we extend the argument to the general case 
and establish Theorem l0.3l (= Proposition l3.3l + 13.7|) in the introduction. 

3.1. The degeneration formula. We start by re vie wing the basic setup. De- 
tails can be found in the above references. 

Consider a pair (Y,E) with E H- Ya smooth divisor. Let T = (g, n, 
with u = (u\, . . ., Up) G N 1 " a partition of the intersection number (/3.E) = 

W : = EjLi 1H- For A € H(Y)®« and £ G H(E) ,S >P, the relative invariant of 
stable maps with topological type Y (i.e. with contact order Ui in E at the 
z'-th contact point) is 

(A I e,u) { y' E) := / eZAUeU 

i[M r (Y,E)]™- f 

where ey : Mr(Y, E) — > Y n , eg : Mt(Y,E) — > E p are evaluation maps on 
marked points and contact points respectively. If T = TJ^ T n , the relative 
invariant with disconnected domain curve is defined by the product rule: 

(A\e,u)' T {Y > E) :=Yl(A\e, F )? n > E \ 

TT 
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We apply the degeneration formula to the following situation. Let X be 
a smooth variety and Z C X be a smooth subvariety. Let <3> : W — >• 3£ be 
its degeneration to the normal cone, the blow-up of X x A 1 along Z x {0}. Let 
t G A 1 . Then W t = X for all f ^ and W = Y x U Y 2 with 

= 0| Yl : Yi -> X 

the blow-up along Z and 

p = 0|y 2 : Y 2 := P(N Z/X tf) -)> Z C X 

the projective completion of the normal bundle. Yi D Y 2 =: E = P(N Z /x) is 
the ^-exceptional divisor which consists of the infinity part. 

The family W — > A 1 is a degeneration of a trivial family so all cohomol- 
ogy classes a. G H(X,Z) ffin have global liftings and the restriction ot{t) on 
Wj is defined for all f. Let : Y ; ^ Wo be the inclusion maps for i = 1,2. 
Let {e,} be a basis of H(E) with {e ! } its dual basis, {e/} forms a basis of 
H(E p ) with dual basis {e J } where |J| = p, e/ = • • • . The degener- 
ation formula expresses the absolute invariants of X in terms of the relative 
invariants of the two smooth pairs (Y\, E) and (Y 2/ E): 




Here n = (Ti,r 2 , I p ) is an admissible triple which consists of (possibly dis- 
connected) topological types 

with the same partition u of contact order under the identification I p of 
contact points. The gluing Ti +i p T 2 has type (g,n,p) and is connected. In 
particular, p = if and only if that one of the T, is empty. The total genus gi, 
total number of marked points ft; and the total degree /3, G NE(Y,) satisfy 
the splitting relations 

s- 1 = El r l'iQ?i(^) - 1) + EL r iQ?2(7r) - 1) +p 

= gi+gi - \Ti\ - \T 2 \+p, 
n = fti + n 2 , 
jS = + p*/S 2 . 

(The first one is the arithmetic genus relation for nodal curves.) 

The constants C v = m(w)/|Autw|, where m(u) = YlV-i an d Autw = 
{a E S p \ n a = n}. We denote by Q the set of equivalence classes of all 
admissible triples; by and the subset with fixed degree jS and fixed 
contact order « respectively. 

Given an ordinary flop / : X — -> X', we apply degeneration to the nor- 
mal cone to both X and X'. Then Y\ = Y{ and E = E' by the definition of 
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ordinary flops. The following notations will be used 

Y '■= BlzX = Y X = Y[, E := P(N Z /x © &)t £' := P(N z >/x> © <?)■ 

Next we discuss the presentation of a(0). Denote by i\ = j : E Y\ = 
Y and 12 '. E Y% = E the natural inclusions. The class «(0) can be 
represented by Oia(0) / /| a (0)) = («i,«2) witha,- G H(Y;) such that 

= i\tX2 and + p*«2 = ol. 

Such representatives are called liftings, which are not unique. 
The standard choice of lifting is 

Ki = <P* a an d 0L2 = p*(oc\z)- 

Other liftings can be obtained from the standard one by the following way. 

Lemma 3.1 ([11]). Let a(0) = {oc\,OL2) be a choice of lifting. Then 

a(0) = («i — a 2 + i2*e) 

fs flZso a lifting for any class e in E of the same dimension as a.. Moreover, any two 
liftings are related in this manner. 

For an ordinary flop f : X —■* X', we compare the degeneration ex- 
pressions of X and X'. For a given admissible triple rj = (Ti, T2, I p ) on the 
degeneration of X, one may pick the corresponding t]' = T' 2 , 1') on the 
degeneration of X' such that T\ =T[. Since 

foe - (p'*^a G i u H{E) C H(Y), 

Lemma l3Tl implies that one can choose ot\ = oc' v This procedure identifies 
relative invariants on the Y\ = Y = Y[ from both sides, and we are left with 
the comparison of the corresponding relative invariants on E and E' . 
The ordinary flop / induces an ordinary flop 

/:£—-> E' 

on the local model. Denote again by & the cohomology correspondence 
induced by the graph closure. Then 

Lemma 3.2 ([11 J). Let f : X --- > X' be an ordinary flop. Let a. G H(X) with 
liftings a(0) = («i,« 2 ) andJP&(0) — (oc'^x^)- Then 

Oil = Oi'i &0L2 = cc 2 . 

Now we are in a position to apply the degeneration formula to reduce 
the problem to relative invariants of local models. 

Notice that A\(E) = i2*A\(E) since both are projective bundles over Z. 
We then have 

0*0 = 01 + 02 

by regarding 2 as a class in E C Y (c.f. (HI). 
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Define the generating series for genus g (connected) invariants 

and the similar one with possibly disconnected domain curves 

(A\e, ¥ )'^), = E 1 (A | e ^)^)/ K /-|r| 
vm T =n l Auti I 

For connected invariants of genus g we assign the K-weight K s , while 
for disconnected ones we simply assign the product weights. 

Proposition 3.3. To prove ^(a) x = {^cc) x for all a. up to genus g < go, it is 
enough to show that 

&(A | e,p)f' E) (&A | e,n)f' E) 
for all A, e, u and g < go- 
Proof. For the n-point function 

8 s;£eNE(x) 
the degeneration formula gives 

<*> x = E E EQW I e^f^te I e'^^V^ 1 
= EEEQx 

(Notice that p is determined by u.) In this formula, the variable q^ 1 on Yj 
(resp. q^ 2 on Y 2 ) is identified with q^*^ 1 (resp. ^P*^ 2 ) on X. 

To simplify the generating series, we consider also absolute invariants 
(oc)' x with possibly disconnected domain curves as in the relative case 
(with product weights in k). Then by comparing the order of automor- 
phisms, 

( a )- x = E^)E( a i I ez,p)" (¥i ' E >(«2 I e^)'( y - E V. 

v 1 

To compare J£"(a) ,x and (^a)' x ' , by Lemma [3.21 we may assume that 
«i = and oc' 2 = -^0.2- This choice of cohomology liftings identifies the 
relative invariants of {Y\, E) and those of {Y[, E) with the same topological 
types. It remains to compare (c.f. Remark l3.4l below) 

(« 2 I e 7 ,^) ,(E ' E) and (^a 2 | e 1 , ^) ,(E '' E) . 
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We further split the sum into connected invariants. Let Y n be a connected 
part with the contact order p n induced from ji. Denote P : p. = YLttgp Y- n a 
partition of p and P(p) the set of all such partitions. Then 

(A\e,p)<^ = £ nEra^l^^/'^- 1 - 

PeP(^) neP I " I 

In the summation over I" 71 , the only index to be summed over is /3 r7r on 

~ (E E) 

E and the genus. This reduces the problem to (A n \ £ n , p n )g ' ■ 

Instead of working with all genera, the proposition follows from the 
same argument by reduction modulo k$° . □ 

Remark 3.4. Notice that there is natural compatibility on our identifications 
of the curve classes which keeps track on the contact weight | p \ . Namely, 
the identity («i | e^p)'^ 1 '^ = («i | ei,p)*^' E ^ leads to 

while J^(a 2 | e',^)*( £ ' E ) ^ (J^ 2 | e 1 ,p)'( E '' E *> leads to 

^p*(a 2 | e^p)'^ = q-Wp'^cc 2 \ e^p)'^'^. 
Thus we may ignore the issue of contact weights in our discussion. 

3.2. Relative local back to absolute local. Now let X = E. We shall fur- 
ther reduce the relative cases to the absolute cases with at most descendent 
insertions along E. This has been done in fTTH for genus zero invariants un- 
der simple flops. Here we extend the argument to ordinary flops over any 
smooth base S and to all genera. 
The local model 

p := {p o p : E A Z — >■ S 

as well as the flop /:£-—>£' are all over S, with each fiber isomorphic to 
the simple case. Thus the map on numerical one cycles 

p* :Ni(E) ^Nx(S) 

has kernel spanned by the p-fiber line class 7 and t/?-fiber line class i, which 
is the flopping log-extremal ray. 

Notice that for general S the structure of NE(Z) could be complicated 
and NE(E) is in general larger than z*NE(Z)©Z+7. For^ = /3 z + d 2 (/3)7 e 
NE(E), while fiz = P*ft is necessarily effective, d 2 (j8) could possibly be 
negative if (and only if) fiz 7^ 0. Nevertheless we have the following: 

Lemma 3.5. The correspondence & is compatible with Ni (S). Namely 
Ni(E) Ni(£') 




Ni(s)ez 
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is commutative. 

Proof. Since Ni(E) = ?'*Ni(Z) © Z7 and ^7 = 7' + f , we see that d 2 = 
d' 2 o ^ and it is enough to consider /3 G A?i(Z). Also =^ = — so the 
remaining cases are of the form f> = ip*f5s-H r for /3s G Ni(S). Then = 
f*fi s .H' r and it is clear that both /S and J^/S project to □ 

This leads to the following key observation, which applies to both abso- 
lute and relative invariants: 

Proposition 3.6. Functional equation of a generating series (A) over Mori cone 
on local models f : E — ■> E' is equivalent to functional equations of its various 
subseries (fiber series) (A)p Si d 2 labeled by NE(S) © Z. The fiber series is a sum 
over the affine ray $ G (d 2 7 + rp*fis-H r + 11) n NE(E). 

To analyze these fiber series (A)a Si ^ 2 with {f> s , dj) G NE(S) © Z, we con- 
sider the partial order of effectivity (weight) of the quotient Mori cone 

W := NE(E) I ~, a ~ b if and only if a - b G Z£. 

Notice that a > b and b > a lead to fl ~ b since ^ is an extremal ray. Under 
the natural identification, W can be regarded as a subset of NE(S) © Z. This 
partial order is equivalent to the alphabetical partial order of NE(S) © Z. 
For the ease of notations we also use 

[fl = (0 s ,d 2 ) := (M/5),d 2 (P))eW 
to denote the class of f> modulo extremal rays. 
Given insertions 

A = (fli,...,fl„) G H(E) e " 

and weighted partition 

(e,//) = {(ei,pi),...,(e p/ ty)}, 

the genus g relative invariant (A | e, is summing over classes jS = f>z + 
d 2 7 G NE(E) with 

^degfly + £degey = (ci(E).j8) + (dimE-3)(l-g) + n + p-|^|. 

;=1 ;=1 

In this case, d 2 = (E./3) = |//| is already fixed and non-negative. 
Proposition 3.7. For an ordinary flop E £', to prove 

for any A G H(E) e ", /3 S G NE(S) and (e, u) up to genus g < go, # * s enough 
to prove the & -invar iance for descendent invariants of f -special type. Namely, 

&(A r r h e ir - ■ ,r kp e p ) E gM (&A,x h e ir - ■ ,r kp e p ) E gM 

for any A G H{E)® n , kj G N U {0}, e ; - G H(E) and S G NE(S), d 2 >0up to 
genus g < g . 
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Proof. The proof proceeds inductively on the 5-tuple 

[g>fc>\v\ = d 2 ,n,p) 
in the lexicographical order, with p in the reverse order. 

Given (a\, ■ ■ ■ ,a n \ £,fi)g,a s , since p < there are only finitely many 
5-tuples of lower order. The proposition holds for those cases by the induc- 
tion hypothesis. 

We apply degeneration to the normal cone for Z » E to get W -4 A 1 . 
Then W = Y x U Y 2 with tt : Y x = P(^ E (-1, -1) © ^) — > E a P 1 bundle 
and Y 2 = E. Denote by Eo = E = Yi n Y2 and Eoo = E the zero and infinity 
divisors of Y\ respectively. 

The idea is to analyze the degeneration formula for 

• • • ,a n ,T }ll -i£i, ■ ■ ■ > r }ip-l £ p)g,p s ,d 2 

since formally it sums over the same curve classes /3 as those in (at, • • • , a n | 
e, }i) gl p s such that 

n p 

E de S fl i + \v\ - P + E( de S £ ; + 1 ) 

7=1 ;=i 

=(c 1 (£). j 6) + (dimE - 3)(1 -g) + n + p. 

As in the proof of Proposition 13.31 we consider the generating series of 
invariants with possibly disconnected domain curves while keeping the 
total contact order dj = | ]i \ ■ Then we degenerate the series according to the 
contact order. 

We first analyze the splitting of curve classes. Under N\(E) = i*N\ (Z) © 
Z7, /3 = /3z + ^27 rnay be split into 

/3 1 G NE(Y t ) C NE(E) © Z7, /3 2 G NE(Y 2 ) = NE(E), 

such that 

(/3 1 / /3 2 ) = (/3 1 E + C7,/3 2 z +e7) 
is subject to the condition (p^ft 1 + p*/3 2 = /3, i.e. 

<Me + J 6 ! = fc, c = rf 2 > 0, 
and the contact order relation 

e = (E.ff = (E./i 1 )^ = c + = «fe - (E./4) £ . 

As an effective class in E, f>\ is also effective in E, hence /3 E = £ + 77Z7 
with £ G NE(Z) and m G Z. It is clear that £ = <£*/3^ and m = (E./3 E ) £ . It 
should be noticed that 

e = d.2 — m 

is not necessarily smaller than d 2 since m maybe negative. This causes no 
trouble since we always have that 

p - /3 2 = {fiz + d 2l ) - (/3 2 z + e 7 ) = + wry = f>\ > 0. 
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The equality holds if and only if fi E = and in that case we arrive at fiber 
class integrals on (Y\, E) with jS 1 = c^T- 

In fact, more is true. It is automatic that [j6] > [/3 2 ] under the curve 
class splitting. The equality [jS] = [/5 2 ] occurs if and only if fi\ consists of 
extremal rays d\£. But extremal rays must stay inside Z, hence we again 
conclude that f>\ = and get fiber integrals on (Yi, E). No summation 
over extremal rays is needed for these integrals. 

Next we analyze the splitting of cohomology insertions. It is sufficient to 
consider (ei, ...,e p ) = ei = (e^, . . . , e, p ). Since £ ; |z = 0, one may choose 
the cohomology lifting e, (0) = (iu e ;/ 0) . This ensures that insertions of the 
form Tfc e must go to the Y\ side in the degeneration formula. 

For a general cohomology insertion a G H(E), by Lemma [3TTL the lifting 
can be chosen to be a(0) = (a, a) for some a. From a(0) = (a, a) and 
^a(O) = (a',^a), Lemma l32l implies that a = a'. 

As before the relative invariants on {Y\, E) can be regarded as constants 
under jF. Then 

(a lr - ■ ■ ,a n ,r m -ie h ,-- ■ = E w 0*') x 

f' 

E, I j' /v •(Yi,E) / I /\(E,E) . D 

i' 

where the main terms contain invariants whose (E,E) components admit 
the highest order with respect to the first four induction parameters 

{g>Ps, \v\ = d 2,n). 

(E E) 

In fact, the potentially highest order term \a\, ■ ■ ■ ,a n \ e l'Y-)gk s occurs by 
the dimension count at the beginning of the proof. Yet it is not clear a priori 
whether it is also the highest one in p. 

For the the remaining terms R, a term is in it if each connected compo- 
nent of its relative invariants on (E,E) has either smaller genus or has /3| 
strictly smaller than j5$ or has smaller contact order or has fewer insertions 
than n. Notice that disconnected invariants on (E, E) must lie in R. 

For the main terms, by the genus constraint and the fact that the invari- 
ants on (E, E) are connected, the invariants on (Y\, E) must be of genus zero 
and the connected components are indexed by the contact points. Also each 
connected invariant contains fiber integrals with total fiber class jS 1 = c^T- 

To get constraints about [ey, //) and p' on the main terms, we recall the 
dimension count on E and (E, E). Let D = (ci(E)./3) + (dimE — 3)(1 — g). 
For the absolute invariant on E, 

n P 

E de § fl ; + \h\~P + E( de § e '/ + 1) = D + n + p, 
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while on (E,E) (notice that now (ci(E).fi 2 ) = (ci (£).£)), 

n p' 

E de S fl / + E de S e '' = D + n + p' - |//|. 

j=l j=i 

Hence (ej, y) occurs in (ej/, ^')' s an d in particular, R is ^-invariant by in- 
duction. Moreover, 

degej -degej/ = p-p'. 

We will show that the highest order term in the main terms, with respect 
to all five parameters, consists of the single one 

C(fi)(a lr - ■ ■ ,a n | e It fi)^ff 

withC(p) ^ 0. 

For any (e//,^') in the main terms, consider the splitting of weighted 
partitions 

p' 

(ei/f)=ll(ez*//) 

k=l 

according to the connected components of the relative moduli of (Y\,E), 
which are indexed by the contact points of 

Since fiber class relative invariants on P 1 bundles over E can be com- 
puted by pairing cohomology classes in E with certain Gromov-Witten in- 
variants in the fiber P 1 (c.f. [20], §1.2), we must have degejt + dege^ < 
dim E to get non- trivial invariants. That is 

deg ejk = deg e ( * < dim E — deg e' k = deg e t -/ 

for each k. In particular, deg e/ < deg ep, hence also p < p' ' . 

The case p < p' is handled by the induction hypothesis, so we assume 
that p = p' and then deg = deg e,v for each k = l,...,p'. In particular 

I k 7^ for each k. This implies that I consists of a single element. By 
reordering we may assume that I k = {i^} and (ep, }i ) = {(e^, jik)}- 

Since the relative invariants on Y\ contain genus zero fiber integrals, the 
virtual dimension for each k (connected component of the relative virtual 
moduli) is 

2 / 4 + (dimY 1 -3) + l + (l-f4) 

= in - 1) + (dege it + 1) + (dimE - dege,v). 
Together with deg ej k = deg , this implies that 

A = n> k = l,...,p. 
From the fiber class invariants consideration and 
deg e !jc + deg e ! * = dim E, 
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ej k and e ! * must be Poincare dual to get non-trivial integral over E. That 
is, e,v = e !)c for all k and (ej/,//) = (ei,]i). This gives the term we expect 
where C{u) is a product of nontrivial fiber class invariants 

f\({T }tk ^ lk \ e \ n )^ q ^)=C^ 

fc=l 

with 7^ 0. 

In order to compare with the series {a Xl • ■ ■ , fl n/ T^-ie^, • • • , T^_ie lp )|^ S/d2 , 
which satisfies the functional equation under by assumption, we need 
only to match the formal variables involved. Under (p : Y\ — » E we set 
cf< i-> ^ 7 and under p : Y2 = E — > E we set 1— > ^° = 1. Similarly we 
identify formal variables in the E' side. It is clear that these identifications 
commute with & ' . Hence 

and the proof of Proposition 13 . 71 is complete. □ 

4. Reconstructions on local models 

In this section, X and X' are the projective local models (double projec- 
tive bundles over S) of the flop 

f : X = E = P Z {N Z/X 0) -* X' = E' = PziNz'/x* © 

Since we consider only genus zero invariants for the discussion on big 
quantum rings, the subscript on genus will be omitted. One special fea- 
ture for genus zero GW theory is that there exists several reconstruction 
theorems which allow us to deal with only some initial GW invariants. 

By Leray-Hirsch, 

H(X) = H(S)[h,Z]/(f F (h),f N(Bff (Z)). 

So every a G H(X) admits a canonical presentation a = th'£) withO < i <r, 
< j < r + landf e H(S). (In this case &a = t{^\if{^ = t^'-h') 1 ^ 
for i < r and for any j.) We abuse notations by writing £|« if j > 1. 

Definition 4.1 (/-special invariants). An insertion T/ C a is called special if k 7^ 
implies that £\a. A (possibly) descendent invariant is /-special it is not 
extremal (i.e. (^5,^2) 7^ (0/0)) an d if all of its insertions are special. An 
/-special invariant is of type I if £ divides some insertion, otherwise it is 
called of type II. 

4.1. Topological recursion relation and divisor axiom. 

Theorem 4.2. The & '-invariance for descendent invariants of f -special type is 
equivalent to the 3 '-invariance of big quantum rings. 
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Proof. We only need to prove "<=": 

Consider the generating series (r kl ai,- • • ,T kn a n ) p S/ d 2 of /-special type 
with (j6 S/ c?2) 7^ (0,0). Let k = YU^i De the total descendent degree. We 
will prove the theorem by induction on k. 

If k = 0, we may assume that n > 3 by adding divisors £ or D G H 2 (S) 
into the insertions. Since (£.£) = = (D.£), this only affects the series 
by a nonzero constant, hence the ^"-invariance reduces to the case of big 
quantum ring. 

Now let k > 0. Without loss of generality we assume that k\ > 1. By 
induction the results holds for strictly smaller descendent degree and for 
any n > 1. 

We first treat the case n > 3. By the topological recursion relation 

vi = [Di|2, 3 n', 

we get 

{tk x a l> • • - , T k„ a n)fi s ,d 2 

= D( T fc 1 -l«l/ - ' • >Tii}p' s ,d' 2 ( TF ' T k2 a 2> T k 3 a 3> ' ' ' V s ',4'' 

where the sum is over all splitting of curve classes such that (/S' s ,d 2 ) + 
($,4') = QS s ,d 2 )- 

Notice that on the RHS, the case (f5' s ,d 2 ) = (0/0) is excluded since £|«i 
and it will lead to trivial invariants. The (f5' s , d' 2 ) series is then ^-invariant 
since it has strictly smaller descendent order k\ — l<k. (Recall that on the 
X' side we may choose J^Tj, and =^T^ for the splitting since & preserves 
the Poincare pairing.) 

The (j6g, d'^) series is also ^-invariant: It has strictly smaller descendent 
degree and it has at least 3 insertions. So even if ((65,^2) = (0,0) we still 
get the J?-invariance. 

The case n = 1 can be reduced to the case n = 2 by the divisor equation 
for descendant invariants. Namely let b be a divisor coming from the base 
S or £ such that b.([5 s + d27) 7^ 0. Then (b.fi) 7^ is independent of d and 

{b,r k a) h42 = {b.^){x k a) h42 + (r k ^ab) h42 . 

The case n = 2 can be similarly reduced to the case n = 3. If there is only 
one descendent insertion, say (a.\, T k a2)p S/d2 , then 

(b,ai,T k a 2 )p Si d 2 = (b.p){ai,T k a 2 )p Si d 2 + {a x , T k _ x a 2 b) p sAr 

If there are two descendent insertions, say (i/fli, r k -ia 2 ) p Si d 2 , then 

(b,Tiai,T k _ia 2 )p s 4 2 = (b.^)(T;fli,T fc _;fl 2 ) i S s ,d 2 

+ (T/_iflib,T)c_;fl2)/J s ,rf 2 + (T/fli,T fc _/_ifl2fe)^s,d2- 

All the other series are either 3-point functions or have descendent degree 
drops by one. Thus by induction the proof is complete. □ 
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4.2. Divisorial reconstruction and quasi-linearity. Theorem 14.21 reduces 
the analytic continuation problem to the local models completely. How- 
ever, in the actual determination of GW invariants (as will see in later sec- 
tions), another natural set of initial GW invariants are those with at most 
one descendent insertion. This suggests another reconstruction procedure. 

Definition 4.3 (Quasi-linearity). We say that the flop / is quasi-linear if for 
every special insertion a G H(X) Ut.H(E), F, G H(S) and (j8 S/ d 2 ) ^ (0,0), 
we have 

We call invariants of the above type (with only one insertion not from 
the base) elementary. Quasi-linearity is the J£"-invariance for elementary 
/-special invariants. 

Notice that the similar statement for descendent invariants, even for sim- 
ple flops, is generally wrong if a = r k a with k > but a G" H(E) (c.f. 111]). 

Theorem 4.4. Suppose that f is quasi-linear. Then all descendent invariants 
of f -special type are ^ -invariant. Namely for a = («j, . . . , ct n ) (n > 1) with 
at G H(X) Ut.H(£) and for (j8 S/ d 2 ) ^ (0,0), we have 

= 

More precisely, any series of f -special type can be reconstructed, in an In- 
compatible, manner, from the extremal functions with n > 3 points and elementary 
f -special series. 

We will prove the reconstruction by induction on dj) G W, and then 
on m which is the number of insertions not coming from base classes. This 
is based on the following observations: 

(1) Under divisorial reconstruction: ipi + ipj = [D^] mrt , and for L G Pic(X), 

(4.1) e*L = e]L+(fl.L)ip j - £ (fa.L)[D im2 f rt 

( |13| , c.f. also CU), the degree f> is either preserved or split into effective 
classes f> = f>\ + fa- 
il) When summing over ,8 G (d 2 J + $*p S .H r + Z£) D NE(X), the split- 
ting terms can usually be written as the product of two generating series 
with no more marked points in a manner which will be clear in each con- 
text during the proof. 

We also need to comment on the excluded cases (/3s, d 2 ) = (0, 0): 
(3) Let oti = T/ C .fl ( . If k = Y^kj ^ 0, say £\a\, then the extremal invariants 
survive only for the case f> = 0. Since Mo, n (X, 0) = Mo, n x X, we have 

(4.2) {r k a Xl • • • , T k a n ) n « =0 = /_ ip\x a 1 ---a n . 

JM 0in Jx 
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It is non-trivial only if k = dim Mq /U = n — 3, and then 

/ «!•••«„= / J^fli • • • J?a n 
Jx Jx' 

since the flop / restricts to an isomorphism on E. 

(4) For extremal invariants with k = 0, since £\z = and the extremal 
curves will always stay in Z, we get trivial invariant if one of the insertions 
involves £. Hence by Theorem l2.9l the statement in the theorem still holds in 
this initial case except for the 2-point invariants (t\h r , tyjtf). By the divisor 
axiom 

S h {hh r M r ) = (h,hh r ,t 2 h r ) + , 
the 2-point invariants will satisfy the J^-invariance functional equation up 
to analytic continuation only after incorporated with classical defect. Thus 
we may base our induction on (^5,^2) = (0/0) with special care taken to 
handle this case. 

Proof. Let (/3s, d<i) 7^ (0, 0). If m = 1 then we are done, so let m > 2 . 

Step 1. First we handle the type I case, i.e. with the appearance of £ in 
some DL{. 

By reordering we may assume that oc n = T s £a, s > 0. Write 

«1 = FiTjfcfr'g?. 

We will reduce wj by moving divisors in #i into a„ in the order of xp, h and 
£. This process is compatible with J? since j£"a.J^£ = («.£). 
For 1/7, we use the equation 

*i = -^ + [D 1 , w ]'**. 
If A: > 1 then 7 7^ and we get 

(hTkrfg, ■ ■ ■ ,T s fr)p S/d2 = ~ (hT k -ih ! g , ■ ■ ■ ,T s+ i£a)p S/d2 

+ Y^(hr k -ih l g, • • • , Tjt)^ (V, ■ ■ ■ ,T B £a) M . 

For each i, if one of (fi' s ,d' 2 ) and (jSg,*^') ^ s (0/0) then since both terms 
contain £ the splitting term must vanish. So we may assume that 

(/3' s ,4) < (/3 s ,d 2 ) and (/3' s ',4') < (0 s ,d 2 ) 

and these terms are done by the induction hypothesis. (By performing this 
procedure to ai, . . . ,a„_i we may assume that the only descendent inser- 
tion is ot n .) 

For /i, if / > 1 we use the divisor relation (|4.1|) for L = hto get 

= (fi& ,_1 g7,- • • ,T s £ah)p sA + 8 h {t x h l ~ x ?;i r - ■ ,^+1^)^^ 
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The only cases for the splitting term to have one factor with the same 
(jSs/^z) and m are of the form (denote by £* some set of insertions G 
H(S)) 

Shihh'-^ij^TjofliTf,- ■ ■ ,x s la) hAv 
where the LHS has n 1 points, or 

But I — 1 < r forces the former LHS invariants to vanish: For / 7^ this is 
trivial. For j = 0, the codimension (c.f. $2) 

(4.3) ]i= \h\ _(2r + l + n'-3) <2r-2r = 0. 

The latter RHS invariants also vanish since they contain f . 

If ; = 0, the case (/3' s ,d 2 ) = (0/0) ma y still support nontrivial invari- 
ants with 3 or more points. In that case m decreases in the RHS. For the 
other terms, the only possible appearance of type II invariants (i.e. without 
£ insertion) is 

(4.4) s h {hh l -\ • • • , T F )p sA = (h, t x ti-\ • • • , r^ 4 , 

where ; = 0, which has at least 3 points and (0, 0) < (jSg, d' 2 ) < (/3s, di). 

For £, the argument is entirely similar. For j > 1, the divisor relation says 
that 

V 

We then have (p' s ,d' 2 ) < (j6 s ,4) and (/J<(,d£) < (0s, as before. Notice 
that only type I invariants appear in the reduction. 

Step 2. Next we deal with the type II case: a, = tjh *, 1 < i < n. In 
case [$s = 0, we can add one £ into the insertions and then go back to 
Step 1. From (|4.4[) , (/3s, ^2) will be getting smaller when the possible type 
II invariants appear again, so it is done by induction. Thus we can allow 
/3 s 7^ here. By adding base divisors into the insertions we may always 
assume that n > 3. 

We can not apply (|4.1|) to move divisors since it will produce non f- 
special invariants. Instead, since n > 3 we may apply (|2.1)) , the descendent- 
free form of the divisor relation, as we have used in the proof of Theorem 

na 

Suppose that l\ > and I2 > and we move h from aj to #2- We run 
induction on fj. Namely we assume the ^"-invariant reduction holds for 
0L\ = t\h) with j < l\ — 1. The initial case j = holds since wj drops by 1. 
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Then 

p 

- S h (hh l ^-\ • • • , T v ) M (hh h .a*, • • • , T?) M . 

If Z2 < r — 1, the processes on X and X' are clearly ^-compatible and the 
splitting terms are all handled by induction. Indeed, if {f>' s ,d' 2 ) = (/5s, ^2) 
and m! = m then (jSg/djj) = (0,0) which gives an extremal function with 
m" < 2. The analogous codimension condition as in (J4.3|) forces the term to 
vanish. Similar consideration applies to the case (/3g,d 2 ') = (/5s, d-i) as well. 

If I2 = r, the first term is no longer ^"-compatible. The topological de- 
fect of the second insertion is given by Lemma |Z81 J?(h r+1 ) — (JPh) r+1 = 
{—l) r+1 ^© r+ i, where © r +l is the dual class of pth r ^°. Meanwhile, the 
splitting terms also contain one term not of lower order in (/3 s, ^2) and m. 
By the codimension consideration as in (|4.3|) , we have T f ' = tjh r and the 
term is given by 

Comparing with its corresponding term on X' 

(h^-\^a 3r - ■ ,^oL n ,h^®T+x)p s ^h{h^h T ,t z ^h T ) Qfi 
and using the induction, we get the difference to be 

- (t t &h h -\&ce 3 ,-- ■ ,&oi n ,h&©r+\)p s ,d2 x (-!) r+1 

This cancels the defect of the non ^-compatible terms. 

Thus the whole reduction is ^-invariant and the proof is complete. □ 

4.3. WDVV equations. We may strengthen Theorem [44] to 

Theorem 4.5. If the quasi-linearity holds for elementary type I series 

\h> • ' • , t n -i, T k a£), 

then the ^-invariance holds for all series of f -special type. 

The significance of this reduction will become clear after we introduce 
the practical method to calculate GW invariants. The proof is based on 

Proposition 4.6. Any type II series over (/5s, dj) can be transformed into sum 
of products of (I) type I series over (f}' s ,d 2 ) < (/5s, ^2), (2) type II series over 
/3g < /3s, and (3) extremal functions. Also, the processes can be done in a 
compatible manner. 
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Indeed, with Proposition 14.61 Theorem 14.51 then follows from the proof 
of Theorem 14.41 Simply replace Step 2 by the proposition and run the in- 
duction. All type II special series eventually disappear. (Degenerate type II 
series with (ps,dz) = (0,0) are simply extremal functions.) 

The remaining of this subsection is devoted to the proof of Proposition 
14.61 Notice that if &i 7^ then this is trivial: By the divisor axiom, 

(fll, • • • ,fl n )^ S/ rf 2 = («1/ ' • ' ,d-n,^)f >s ,dL 1 IAl- 

Thus we consider (fli, • • • ,a n -i, U^)r s a with a\, . . . ,a„_i G H(Z). 

Let {fi} be a basis for H(S) and {T ; } be its dual basis. We start with the 
case of three-point functions (a, b, Tih))p Si o for any a,b G H(Z). This cer- 
tainly includes also the one-point and two-point cases by picking suitable 
a,beH 2 (S). 

For any c,d G H(X), the WDVV equations 

X] dymfb g m " dnklFo = ^ikm^ g™" d„jiF 
m,n m,n 

lead to the diagram 

[a V b i-)- £c V £d] = [a V £c v £d]. 

We apply it to split the curve classes over (j6s,^2 = 1) an d get a linear 
equation 

(4.5) J>, &, T i fc'> M (^H r _y0 r+ i / £c, ^) 0A = I C/d , 

where all terms in the LHS of WDVV with either (1) 0' s < ,6s, (2) d£ 7^ 0, 
or (3) with basis class insertion = Tjh^ k (k > 0) from the diagonal 
splitting, have been moved into the RHS. Since the original RHS of WDVV 
are all type I series, any series in over (fi' s ,d' 2 ) must satisfy fi' s < /5s or 
(PsA) = (Ps,0). 

Let m = J^ih'(S). We intend to form anNxN invertible system with 
N = tn(r + 1). The virtual dimension of the second series is 

d 2 {r + 2) + 2r + l + s. 

Thus for dj = 1, we should require |c| + |d| = r + |T,| + 7 to match the 
dimension. 

Natural choices of {(c, d)} are 

(4.6) c = c k/l :=T k Z l , d = h r . 

The set {cjy } is partially ordered by |T; C | and then by Z. 

We claim that the resulting system is upper triangular with non-zero di- 
agonal. Indeed, 

only if |7jt| + / = |T,-| + ;'. 
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The key point is to use the fiber bundle structure Mo, n (X,/3) — >• S for 
/3 = d£ + ^27 as in the extremal case (where di = 0). The fiber is given by 
Mo, n of the toric local model for the simple flop case. 

Thus if |Tjfc| > | Ti| then |Ti| + |T\| > s and the invariant is zero. Even 
in the case \%\ = |T,|, and so / = j, we must have T\ = % to avoid trivial 
invariants. The other cases |T\| < |fi| belong to the strict upper triangular 
region which do not affect our concern. 

It remains to calculate the diagonal fiber series (sum in d > 0) 

£(f i H T -j® r+1 ,Tg+\gh r ) 0A = (h r ->(Z-hy+\? + \fr r ) t *^ B . 

i 

We had done a similar calculation before for the extremal case in |TT| , 
Proposition 3.8. In the current case we have 

Lemma 4.7. For simple flops, the fiber series in d with dj — l are given by 

f(-l)V? T / 0</<r-l; 



(//-/(£ -fc)'+^+^) d2=1 



(i - (-ir+V)^ 7 



r. 



Proof. By applying the divisor relation to move one f class with respect to 
(i,j,k) = (2, 1,3), we get (notice that £(£ - h) r+1 = 0) 

(K-i{Z-hy + \$+\W) d2=1 

= £(^//,T,) ^(T^(^^ 

= {h r -i(z-hy+\<?+ 1 h r )i. 

By another divisor relation (|4.1|> , we can keep track on the 2-point invari- 
ants as follows: 

(h T -J(s-hy + \g +l h r )i 

= (fh'-i(Z - hy+\ ?V)i -£> «ft r , T nh ^(ff - h) r+1 )o 

= (iph'->(z-hy + \?h r ) 1 = --- 
= W +1 h r -i(z-h.y+\h r ) 1 . 

Here we use the fact that there is no extremal invariants with any insertion 
involving £ (notice that (£ — /i) r+1 = £(•••) since = 0). 
Next we move the divisor class h in h r to the left one by one: 

(fj +1 h r -'(C-hy+\h r ) 1 

= (xpi+ 1 h r -i +1 ^ - hy+\h r - 1 ) 1 + S h (ipi+ 2 h r ->(Z - h) r+1 ,h r - 1 ) 1 

-E6 h (h r -\Tr) (Tr,y +1 h r ->(S-h) r+1 ) 1 
v 

= (^ +1 (h + dxp)h r -'(C-hy + \h r - 1 ) 1 = ■■■ 
= {tp' +1 (h + dyy- l h r -\l - h) r+1 ,h) 1 . 



INVARIANCE OF QUANTUM RINGS 43 

Note that (W^ 1 , T }l )o = since the power of h is less than r. 
Finally, the divisor axiom helps us to obtain the result: 

(xp' +1 (h + dxpy- 1 ^-'^ - h) r+ \h) 1 

= d{f +l {h + dxp) r - 1 h r ->(£ - h) r+l ) l + {hxp'(h + dtpy^h''-'^ - h) r+l ) l 

= (xpi(h + dxpyh r -i(z-hy+ 1 ) 1 , 

which is the constant term in the z expansion in 

r^ z j {h + dzyv->(z-hy^\ 

k>0 Z 1 1 

= zi+2eu (zjihp) el{h + ^y^tt - h y +1 

According to the same discussion of quasi-linearity in IfTTH , if d^ — d < 
then Pp vanishes after multiplication by £. Here h 1 (f — h) r+1 does contain 
at least one £. Hence we only need to consider dj > d. Now di = 1, thus 
d = or 1. 

If d = 0, then h r h r ~i(F; — h) r+1 is nontrivial only if j = r and in this case 
we get h 1 "(£ — h) r+1 = h r £ r+1 = pt. It is clear that the constant term of z in 

^■pt=^ 2 (; _ h+z ;, +1(;+z) .pt 

is equal to 1. 

If d = l,then = l/(fc + z) r+1 (£ + z). Thus 

• +2 (/z + Z )V-/(g-?zr+ 1 
(fc + z)H-i(£ + z ) 

_ zi +2 h r -i{£-h) r+l 
~ z 2 (l + /i/z)(l + £/z) 

_^( f - fcr .( 1 -i4-... ( - 1 y^ + ...)( 1 _| 

Since £(£ — = 0, the constant term is given by 

(_iy/,r(£_fr)r+l = (.ay^rgr+l = 

The proof is complete. □ 

Now we consider n-point functions with n > 3. The WDVV equation is 
for triple derivatives of the g = potential function. Let f G H >2 (X) be 
a general insertion without the fundamental class and divisors. Then we 
have 

(4.7) ^(fl / b / T i W'> M (0<f i H r _ ; -® r+ i / T^ I+1 / g7i r >o / i(0 = I W (t) 

y 

where any series in Z C( j over (P' s ,d' 2 ) must satisfy /5' s < fis or (jSg,^) = 
(jSs,0). " ' ^ 
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By dimension counting, one more marked point increases one virtual 
dimension while t has Chow degree more than one, so we find that 

(TiHr-jQr+x, T k Z ,+ \ #i')o f i (t) = (f-H^Or+l, T k £ l+1 , £fc r ) ,i 

is in fact independent of t when |T;| +j = |T^| + /. The linear system (|4.7[) 
is thus ^"-compatible by the quantum invariance of simple flop case IfTTf . 

In any case, if |T]t| > |T ; | then the invariants are still zero. In particular 
the N x N system is still upper triangular. Moreover the diagonal entries 
are still given by the original 3 point (finite) series. Thus the series 

(a,b, W) hiQ (t) 

are solvable in terms of the expected terms. 

5. BlRKHOFF FACTORIZATION 

In this section, a general framework for calculating the / function for a 
split toric bundle is discussed. It relies on a given (partial) section I of the 
Lagrangian cone generated by /. The process to go from I to / is introduced 
in a constructive manner, and Theorem 10.41 will be proved (= Proposition 
EH+ TheoremETO]). 

5.1. Lagrangian cone and the / function. We start with Givental's sym- 
plectic space reformulation of Gromov-Witten theory arising from Witten's 
basic dilaton, string, and topological recursion relation in two-dimensional grav- 
ity p5|. The main references for this section are (6}|2), with supplements 
and clarification from IfTBl HOfl . In the following, the underlying ground 
ring is the Novikov ring 

R = C[NE(X)]. 
All the complicated issues on completion are deferred to [15 J. 

Let H := H(X), H := H[z,z-% H + := H[z] and U- := z- x H^T x \. 
Let 1 G H be the identity. One can identify H as T*T-i + and this gives a 
canonical symplectic structure and a vector bundle structure on %. 

Let 

OO 

q(*) = E E q*V e n + 

P k=0 

be a general point, where {Tu} form a basis of H. In the Gromov-Witten 
context, the natural coordinates on % + are t(z) = q(z) + lz (dilaton shift), 
with t(xp) = YLufitkTjttf* serving as the general descendent insertion. Let 
Fo(t) be the generating function of genus zero descendent Gromov-Witten 
invariants on X. Since Fq is a function on "H+, the one form dFo gives a 
section of n : % — > W+. 

Givental's Lagrangian cone £ is defined as the graph of dFo, which is con- 
sidered as a section of n. By construction it is a Lagrangian subspace. The 
existence of C* action on C is due to the dilaton equation Lq['9/9q^Fo = 
2Fq. Thus £ is a cone with vertex q = (c.f. I6l[l0l|). 
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Let r = Ym Tfl T }l G H. Define the (big) /-function to be 
(5.1) 

/ x (r / z- 1 ) = l + !+ £ 4 T ^^7T' T '-'-' T ) 

where in the second expression x = X\ + T2 with Ti G H 2 . The equality 
follows from the divisor equation for descendent invariants. Furthermore, 
the string equation for / says that we can take out the fundamental class 1 

from the variable T to get an overall factor e T °^ z in front of H5.1|) . 

The / function can be considered as a map from H to zH-. Let Lf = TfC 
be the tangent space of C at f G £. Let t G H be embedded into W+ via 

H = -lz + H C 

Denote by L T = L( T/ df ( T ))- Here we list the basic structural results from (6|: 

(i) zL C L and so L/zL £ H+/zU+ = H has rank N := dimH. 

(ii) L n £ = zL, considered as subspaces inside "H. 

(iii) The subspace L of is the tangent space at every f G zL C £. 
Moreover, Tf = L implies that f G zL. zL is considered as the ruling 
of the cone. 

(iv) The intersection of C and the affine space — lz + zT-L- is parameter- 
ized by its image — lz + H = H 3 r via the projection by n. 

-z/(t, -z- 1 ) = -lz + t + 0(l/z) 

is the function of T whose graph is the intersection. 

(v) The set of all directional derivatives zd f J = T« + 0(1/ z) spans an N 
dimensional subspace of L, namely L n zT-L- r such that its projection 
to L /zL is an isomorphism. 

Note that we have used the convention of the / function which differs 
from that of some more recent papers H6H2J by a factor z. 

Lemma 5.1. zV/ = (z9„ J v ) forms a matrix whose column vectors z3„/(t) gen- 
erates the tangent space L T of the Lagrangian cone C as an R{z}-module. Here 
a = ZqPap(z) G R{z} ifa^z) G C[z]. 

Proof. Apply (v) to L/zL and multiply z k to get z k L/z k+1 L. □ 

We see that the germ of C is determined by an N-dimensional submani- 
fold. In this sense, zj generates C. Indeed, all discussions are applicable to 
the Gromov-Witten context only as formal germs around the neighborhood 
of q = — lz. 
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5.2. Generalized mirror transform for toric bundles. Let p : X — > S be a 

smooth fiber bundle such that H(X) is generated by H(S) and fiber divisors 
Dj's as an algebra, such that there is no linear relation among D/s and 
H 2 (S). An example of X is a toric bundle over S. Assume that H(X) is a 
free module over H(S) with finite generators {D e := Yii D;'}eeA- 

Let t := Yls t s Ts be a general cohomology class in H(S), which is iden- 
tified with p*H(S). Similarly denote D = J^t'Dj the general fiber divisor. 
Elements in H(X) can be written as linear combinations of {T( s a = T s D e }. 
Denote the T s directional derivative on H(S) by df s = dp, and denote the 
multiple derivative 

V : MP/- 

i 

Note, however, most of the time z will appear with derivative. For the 
notational convenience, denote the index (s, e) by e. We then denote 

(5.2) d ze = d z ^ := zd- t s Y[^i = zl e l +1 3( s ' e ). 

i 

As usual, the T e directional derivative on H(X) is denoted by d e = dj e . 
This is a special choice of basis T ? , (and d fl ) of H(X), which is denoted by 

T e = T M = T s D e ; e e A+. 

The two operators d ze and zd e are by definition very different, nevertheless 
they are closely related in the study of quantum cohomology as we will see 
below. 

Assuming that p : X — > S is a toric bundle of the split type, i.e. toric 
quotient of a split vector bundle over S. Let / s (F,z _1 ) be the / function on 
S. The hypergeometric modification of / s by the p-fibration takes the form 

(5.3) I x (t r D,z,z- l ):= £ qfie* + Mlf' s {z,z-% s (lz-' L ) 

^eNE(X) 

with the relative factor I^ S , whose explicit form for X = E — > S will be 
given in Section \62\ 

The major difficulty which makes I x being deviated from } x lies in the 
fact that in general positive z powers may occur in I x . Nevertheless for 
each /3 G NE(X), the power of z in J^ /S (z,z _1 ) is bounded above by a 

constant depending only on /3. Thus we may study I x in the space H := 
H[z,z- l \ over R. 

Notice that the I function is defined only in the subspace 

(5.4) ?:=f+D6H(S)e®CDiCH(X). 

i 

J. Brown recently established the following result: 

Theorem 5.2 ([lj Theorem 1). (— z)I x (i, — z) lies in the Eagrangian cone C of 
X. 
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Definition 5.3 (GMT). For each t, zl(i) lies in L T of C. The correspondence 

t M. T (f) G H(X) OR 

is called the generalized mirror transformation (c.f. 12H6]|). 

Remark 5.4. In general t(F) may be outside the submodule of the Novikov 
ring R generated by H(S) © 0, CD,-. This is in contrast to the (classical) mir- 
ror transformation where T is a transformation within (H°(X) © H 2 (X))r 
(small parameter space). 

To make use of Theorem 15.21 we start by outlining the idea behind the 
following discussions. By the properties of C, Theorem 15.21 implies that I 
can be obtained from / by applying certain differential operator in z3 e 's 
to it, with coefficients being series in z. However, what we need is the 
reverse direction, namely to obtain / from I, which amounts to removing 
the positive z powers from I. Note that, the I function has variables only in 
the subspace H(S) © 0, CD,'. Thus a priori the reverse direction does not 
seem to be possible. 

The key idea below is to replace derivatives in the missing directions 
by higher order differentiations in the fiber divisor variables t"s, a pro- 
cess similar to transforming a first order ODE system to higher order scaler 
equation. This is possible since H(X) is generated by D,'s as an algebra 
over H(S). 

Lemma 5.5. zd\] = J and zd\l = I. 

Proof. The first one is the string equation. For the second one, by definition 
I = E/j qPe D/z+( > D •®lf /S jL (£)/ where lj ,s depends only on z. The differen- 
tiation with respect to f° (dual coordinate of 1) only applies to /§ (i) . Hence 
the string equation on (f ) concludes the proof. □ 

Proposition 5.6. (1) The GMT: r = r(t) satisfies r(i,q = 0) = i. 

(2) Under the basis {T e } eeA +, there exists an invertible N x N matrix-valued 
formal series B(r,z), which is free from cohomology classes, such that 

(5.5) (9 ze J(f,z,z- 1 )) = (zV/^z- 1 )) B(t,z), 
where (d ze I) is the N x N matrix with d ze I as column vectors. 

Proof. By Theorem^ zl G C, hence zdl G TC = L. Then z(zd)I G zL C C 
and so zd(zd)I lies again in L. Inductively, d ze I lies in L. The factoriza- 
tion (3 ze I) = (zVJ)B(z) then follows from Lemma 15.11 Also Lemma 15.51 
says that the I (resp. /) function appears as the first column vector of (d ze I) 
(resp. (zV/)). By the R{z} module structure it is clear that B does not in- 
volve any cohomology classes. 

By the definitions of /, I and d ze (c.f. (JSTTJ, (ESJ), (52) ) . it is clear that 

(5.6) d ze e t/z = Tj' z , zd e e t/z = T e e t/z 
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(f G H(X)). Hence modulo Novikov variables 9 ze 1(f) = T e e t/z andz3 e /(r) = 

T e e T/z 

To prove (1), modulo all qP's we have 

e f/z = E B e>1 (z)T e e T ^ /z . 

eeA+ 

Thus 

e (?-(?))/^£ Be4 ( 2)Te/ 
e 

which forces that r(f) = i (and B e ,i( z ) = ^r e ,i)- 

To prove (2), notice that by (1) and (|5.6|) , B(t,z) = Jnxn when modulo 
Novikov variables, so in particular B is invertible. Notice that in getting 
(|5.5[) we do not need to worry about the sign on "— z" since it appears in 
both I and /. ' □ 

Definition 5.7 (BF). The left-hand side of (|5.5[) involves z and z -1 , while the 
right-hand side is the product of a function of z and a function of z _1 . Such 
a matrix factorization process is termed the Birkhoff factorization. 

Besides its existence and uniqueness, for actual computations it will be 
important to know how to calculate r(f) directly or inductively. 

Proposition 5.8. There are scalar-valued formal series C e (i,z) such that 

(5.7) J(t,z- 1 )= £ C e (f,z)3 ze J(f,z,z- 1 ), 

eeA+ 

where C e = 8j ei i modulo Novikov variables. 

In particular r(f) = ?+••• is determined by the 1/z coefficients of the RHS. 

Proof. Proposition 15.61 implies that 

zVJ = (d ze I)B-\ 

Take the first column vector in the LHS, which is zViJ = / by Lemma 
15.51 one gets expression (|5.7[) by defining C e to be the corresponding e-th 
entry of the first column vector of B _1 . Modulo qf"s, B^ 1 = Inxn, hence 

C e = 5 Teil . □ 

Definition 5.9. A differential operator P is of degree A + if P = £,eeA+ C e d ze 
for some C e . Namely, its components are multi-derivatives indexed by A + . 

Theorem 5.10 (BF/GMT). There is a unique, recursively determined, scalar- 
valued degree A + differential operator 

P(z) = l+ £ q^P^e, I s , z;zd t „zdj s ), 

/5GNE(X)\{0} 

with each Pp being polynomial in z, such that P(z)7(f,z,z _1 ) = 1 + 0(1/ z). 
Moreover, 

](T(t),Z- l )=P(z)I(t,Z,Z- 1 ), 

with x(i) being determined by the 1/z coefficient of the right-hand side. 
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Proof. The operator P(z) is constructed by induction on B € NE(X). We set 
P« = 1 for B = 0. Suppose that P^ has been constructed for all &' < & in 

NE(X). WesetP<^(z) = Ep</s/fy- Let 

(5.8) A 1 = zV £ /W)^ 

eeA+ 

be the top z-power term in P<^(z)J. If k\ < then we are done. Other- 
wise we will remove it by introducing "certain Pp" . Consider the "naive 
quantization" 

(5.9) A 1 :=zV £ / e (f ! ',F)9 ze . 

eeA+ 

In the expression 

{P < p{z)-A x )l = P <p {z)l-A l l, 
the target term Ai is removed since 

A 1 I(q = 0) = A ie f7z = A ie f/Z = A t + AiO(l/z). 

All the newly created terms either have smaller z-power or have curve de- 
gree qP" with B" > B in NE(X). Thus we may keep on removing the new 
top z-power term Ai, which has ki <k\. Since the process will stop in no 
more than k\ steps, we simply define Pp by 

i<;<*i 

By induction we get P(z) = E^ g me(x) <J^-F/3' which is clearly of degree A + . 

Now we prove the uniqueness of P(z). Suppose that Pi(z) and P%(z) are 
two such operators. The difference 8(z) = Pi(z) — Pz{z) satisfies 

<5(z)J =: = 0(l/z). 

P 

Clearly Sq = 0. If 8p =^ for some B, then B can be chosen so that Sai = 
for all B' < B. Let the highest non-zero z-power term of 8p be z k £ e 8p,k, e d ze - 
Then 

^ k L^,k,ed ze (e i/z + E Z 1 ^) +^ = 0(l/z). 

Here R denotes the remaining terms in 8. Note that terms in RI either do 
not contribute to qP or have z-power smaller than k. Thus the only qP term 

e 

This is impossible since k > and {T e } is a basis. Thus (5 = 0. 

Finally by Lemma 15.11 B, and so does B _1 , has entries in R{z}. Thus 
Proposition 15.81 provides an operator which satisfies the required proper- 
ties. By the uniqueness it must coincide with the effectively constructed 

P(z). ' □ 
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5.3. Reduction to special BF/GMT. 

Proposition 5.11. Let f : X —■> X' be the projective local model of an ordinary 
flop with graph correspondence Suppose there are formal liftings r, r' of t 
in H(X) (g) R and H(X') <g> R respectively, with x(t),r'(t) = t when modulo 
Novikov variables in NE(S), and with &r(i) = r'(f). Then 

and consequently QH(X) and QH(X') are analytic continuations to each other 
under & ' . 

Proof. By induction on the weight w := (/3 s, ^2) € W, suppose that for all 
w' < w we have invariance of any n-point function (except that if /3' s = 
then n > 3). Here we would like to recall that W := (NE(E)/ ~) c 
NE(S) © Z is the quotient Mori cone. 

By the definition of / in (|5.1|) . for any a G H(X) we may pick up the fiber 
series over w from the £az~( k+2 ^ component of the assumed ^-invariance: 

(5.10) &(r n ,rp k Za) x = (t'« ,ip k g '&a) x '. 

Write r(i) = YLwew x w(f)<f- The fiber series is decomposed into sum of 
subseries in cf of the form 

Since £ &>] + w " = to, any Wj 7^ term leads to w" < w, whose fiber series 
is of the form Ejgz(<f (9) with g; from Yl r wi(i) and h[ a fiber series 
over w" . The gj is ^"-invariant by assumption and hj is ^"-invariant by 
induction, thus the sum of products is also ^"-invariant. 

From (|5.10[) and To(f) = t, the remaining fiber series with all Wj = 
satisfies 

which holds for any n, A: and «. 

Now by Theorem 14.51 (divisorial reconstruction and WDVV reduction) 
this implies the ^"-invariance of all fiber series over w. □ 

Later we will see that for the GMT r(i) and x'{l), the lifting condition 
t(?) = t modulo N£(S)\{0} (instead of modulo NE(X)\{0}) and the iden- 
tity J?/(T(f)).£ = J'(r'({)).t holds for split ordinary flops. 

6. Hypergeometric modification 

From now on we work with a split local P r flop / : X — - ► X' with bundle 
data (S, F, F'), where 



F = 0L, and F' = 0L|. 

z=0 i=0 
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We study the explicit formula of the hypergeometric modification I and 
I x ' associated to the double projective bundles X — > S and X' — > S, espe- 
cially the symmetry property between them. 

In order to get a better sense of the factor I x ^ s it is necessary to have 
a precise description of the Mori cone first. We then describe the Picard- 
Fuchs equations associated to the I function. 

6.1. The minimal lift of curve classes and ^-effective cone. Let C be an 

irreducible projective curve with ip : V = 0; =o — > C a split bundle. 
Denote by }i = max U{ and rp : P(V) — >• C the associated projective bundle. 
Let/z = c 1 (^ P(y) (l)) / 

b = xp*[C].H r = H r = h r + c 1 (V)h r - 1 
be the canonical lift of the base curve, and £ be the fiber curve class. 
Lemma 6.1. NE(P(V)) is generated by £ and b — u£. 

Proof. Consider V = G{— }i) <g) V = <^®N. Then N is a semi-negative 
bundle and NE(P(V)) = NE(P(V')) is generated by £ and the zero section 
b' of N -> P 1 . In this case b' is also the canonical lift b' = h"' + cx(V')h' r ~ l . 
From the Euler sequence we know that h' = h + up. Hence 

r 

b' = (h + fip) T + - v)p(h + up) r+1 

i=l 

r 

= h r + rupti'- 1 + J^(m - }i)ph r - 1 

!=1 

= h r + c l (V)h 1 '- 1 -upV- 1 
= b-u£. 

□ 

Let tp : V = 0;_ o Li ->• S be a split bundle with $ : P = P(V) -4 S. Since 
t/>* : NE(P) — >• NE(S) is surjective, for each /3s G NE(S) represented by a 
curve C = n/Cy, the determination of t^~ 1 (/5s) corresponds to the deter- 
mination of NE(P(Vc j )) for all j. Therefore by Lemma loTTl the minimal lift 
with respect to this curve decomposition is given by 

f ■■= E»/(tf*[q].H r - u c .£) =(i s - u h £, 
) 

with Uq. = max,- (Cy.L,) and u = up s := YLj n jHCj- -As before we identify 
the canonical lift xp* fis-H r with Thus the crucial part is to determine the 
case of primitive classes. The general case follows from the primitive case 
by additivity. When there are more than one way to decompose into prim- 
itive classes, the minimal lift is obtained by taking the minimal one. Notice 
that further decomposition leads to smaller (or equal) lift. Also there could 
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be more than one minimal lifts coming from different (non-comparable) 
primitive decompositions. 

Now we apply the above results to study the effective and ^-effective 
curve classes under local split ordinary flop / : X — - > X' of type (S, F,F'). 
Fixing a primitive curve class f$s G NE(S), we define 

m := (fSs-Li), d := GSs.LQ. 

Let u = max fij and p! = max yi'-. Then by working on an irreducible repre- 
sentation curve C of f>$, we get by Lemma I67T1 

NEfZ)^ = (j6 s - ^) + Z> * = pz + Z>^ 

NE(Z') ft = (£s - ^) + Z> £' = p z > + Z> £'. 

Now we consider the further lift of the primitive element f>z (resp. pz 1 ) 
to X. The bundle N © G is of splitting type with Chern roots —h + L'j and 
0, i = 0, . . . , r. On fiz they take values 

(6.1) ji + ji'i (i = 0,...,r) and 0. 

To determine the minimal lift of f>z in X, we separate it into two cases: 
Case (1): ]i + ]i' > 0. The largest number in (|6.H> is f/ + and 

NE(X) /3z = (/3 Z - (p + + Z> 07 . 

Case (2): < 0. The largest number in (j6.1|) is and 

NE(X) fe = p z + Z>o7- 

To summarize, we have 

Lemma 6.2. Given a primitive class f>$ G NE(S), ft = f$s + d£ + dz'y € NE(X) 
if and only if 

(6.2) d > — ^ and ^2 > — V, 
w/zere v = max{f/ + 0}. 

Remark 6.3. For the general case /3s = Hj n j[Cj], the constants ^, v are re- 
placed by 

V- = Hs ■= E n l^ v = v /5s : = E n / max {^q + ?*c;,0}. 

Thus a geometric minimal lift {if G NE(X) for /3s G NE(S), with respect to the 
given primitive decomposition, is 

$ = Ps-lrt-VT 
(If + He — f° r a ll // then v = }i + 

The geometric minimal lifts describe NE(X). We will however only need 
a "generic lifting" (J-minimal lift in Definition \6.7) in the study of GW in- 
variants. 

Definition 6.4. A class /3 G Ni(X) is ineffective if f> G NE(X) and G 
NE(X'). 
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Proposition 6.5. Let /3 S G NE(S) be primitive. A class p G NE(X) over f> s is 
^-effective if and only if 

(6.3) d + u > and d 2 — d + u' > 0. 

Proof. Let f> = fi s + dl + d 2 y, then J*j6 = /6 S - + d 2 (V + O = /3s + 
(d 2 - d)f + ^27 =: j6s + d'^' + d' 2 l'- h is clear that j8 is ^-effective implies 
both inequalities. Conversely, the two inequalities imply that 

c?2 > d — u' > — (u + u 1 ) > —v, 

hence ,6 G NE(X). Similarly G NE(X'). □ 

6.2. Symmetry for 7. For F = ©;=o E[, F' = 0[ =o L the Chern polynomi- 
als for F and N © take the form 

/f = U a i ■= IK h + L «0/ fuee = b r+ i Ft b * : = OT? - & + L 'i)- 
For ft = p s +de + d 2 j, we set ^ := (L ; -./3 s ), K := (U-Ps)- Th en for i = 
0,...,r, (fl,-.j6) = d + Uj, (fe,-.j6) = d 2 — d + u'i, and (& r+1 .j6) = d 2 . Let 

(6.4) Ap = (ci(X/S).j6) = (c 1 (F) + c 1 (F / ))-i6s + (r + 2)d 2 . 

The relative 7 factor is given by 
(6.5) 

,x/s._ i r d + |) A r(i + |) r(i + |) 



jx/s . = z FT 

^ " z ^r(i + | + d 2 )fjr(i + f + ^ + d)r(i + | + ^ + d 2 -d) / 

and the hypergeometric modification of p : X — > S is 

(6.6) I = I(D,t;z,z^) = £ q^ + ^lf S ]%(J) t 

peNE(x) 

where D = f 1 ?! + £ 2 £ is the fiber divisor and t G H(S). 

In more explicit terms, for a split projective bundle rp : P = P(V) -4 S, 
the relative 7 factor is 

! -° n (/j + ^ + mz) 

m=l 

where the product in m G Z is directed in the sense that 

(6.8) n == fi / n 

m—l m=— oo m=— oo 

Thus for each z' with j6.(/z + L,) < — 1, the corresponding subfactor is un- 
derstood as in the numerator which must contain the factor h + L, corre- 
sponding to m = 0. In general I is viewed as a cohomology valued Laurent 
series in z _1 . By the dimension constraint it in fact has only finite terms. 

Remark 6.6. The relative factor comes from the equivariant Euler class of 
H°(C,T P/S \c) - H l {C,Tj> /s \ c ) at the moduli point [C P 1 -> X]. 
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Definition 6.7 (I-minimal lift). Introduce 

juj s := max{/3 s .L;}, u a h := maxj^s-L-} 

and 

v\ s = max{^ s + ^ s ,0} > 0. 
Define the I-minimal lift of B s to be 

i S I s :=i3 s -^/-v^7eNE(X) 
where B$ G NE(X) is the canonical lift such that /i.]6s = = £./3s- 

Clearly, j6g is an effective class in NE(X), as ^£ < fyg s and v 1 ^ < Vp s . 
When the inequality is strict, the J-minimal lift is more effective than the 
geometric minimal lift. Nevertheless it is uniquely defined and we will 
show that it encodes the information of the hypergeometric modification. 

Definition 6.8. Define B to be l-effective, denoted B G NE 7 (X), if 

d > -]ip s and d 2 > -vj} s - 

It is called ^"/-effective if B is /-effective and J^B is J'-effective. By the same 
proof of Proposition l6.5[ this is equivalent to 

d + Hps > and d 2 -d + u'^ > 0. 

Lemma 6.9 (Vanishing lemma). Ifip*B G NE{S) but B £ NE{P) then I? /s = 
0. In fact the vanishing statement holds for any B = B$ + dl with d < — jii. 

Proof. We have B.ih + L,) = d + }i{ < d + fil < for all i. This implies that 

= since it contains the Chern polynomial factor Yli{h + ^i) = in 
the numerator. □ 

Now Ej /S = lf /S lf /Z is given by 

< 6 - 9 ) fl — fl jir^ — jr^ — =: 
>-° n («» + «z) !_0 n (&< + wz) n (£ + «z) 

m=l m=l m=l 

Although (|6.9|) makes sense for any /3 G Ni (X), we have 
Lemma 6.10. Ej /S is non-trivial only if ' B G NE 7 (X). 

Proo/. Indeed, if S G NE(S) but /3 <£ NE J (X) then either d < -pi and 
A^j = by Lemma [6i9l or d > — jil and we must have d 2 < ~ v p s — an d 
all factors in Bp appear in the numerator: 

di - d + V ! i < d 2 + u 1 ^ + ¥ f g < d 2 + vj is < 0. 

In particular BpCp contains the Chern polynomial /ns^ = 0. □ 
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Remark 6.11. In view of Lemma I6T21 f> G NE 1 (X) is the "effective condition 
for B as if it is a primitive class". One way to think about this is that the 
localization calculation of the I factor is performed on the main component 
of the stable map moduli where B is represented by a smooth rational curve. 

As far as I is concerned, the /-effective class plays the role of effective 
classes. However one needs to be careful that the converse of Lemma fe.lOl 
is not true: If B is /-effective, it is still possible to have I^ /s = 0. 

The expression (|6.9[) agrees with (|6.5|) by taking out the z factor with m. 
The total factor is clearly 

z -(EU«;+E£o lfc ;)-/3 = z -d(X/S).0 



Similarly for B' G NE(X'), 7*' /s = Pj,' /s I*' /z ' is given by 

< 6 - 10 ) fl j* 1 — fl jjt 1 — mr 1 — =: A 
'-° n («; + «z) ,_0 n' m + mz) n (?' + «z) 

m=l m=l m=l 

Here flj = /z' + L\ = &b\ and V. = g-h' + U = ^a { . 

By the invariance of the Poincare pairing, (jS.fl,) = d + }i x ■ = (J^fi.fcJ) and 
(jS.fc,) = ^2 — ^ + Hi = anc ^ ^ * s c l ear ma t a ^ the linear subfactors 

in J^ /s and lJ/ S correspond perfectly under Ap i-> B^, B^ i— >• and 

However, since the cup product is not preserved under J£~, in general 
^Ip 7^ Ijrp- Clearly, any direct comparison of Ip and V^p (without analytic 
continuations) can make sense only if B is J^I-effective. This is the case 
for (j8.flj)'s (resp. (B.bj)'s) not all negative. Namely Ap and Bp both contain 
factors in the denominator. 

Lemma 6.12 (Naive quasi-linearity). (1) ^Ip.l, = I'^a-C '■ 
(2) Ifd 2 := p.£ < then <?lp = Ify. 
The expressions in (1) or (2) are nontrivial only if 6 is ^l-effective. 

Proof. (1) follows from the facts that / : X — » X' is an isomorphism over 
the infinity divisors E = E. For (2), notice that since d% < the factor 
Cp contains £ in the numerator corresponding to m = 0. Similarly C^-g 

contains £' in the numerator. Hence (2) follows from the same reason as in 
(1). The last statement follows from Lemma [6.101 □ 

6.3. Picard-Fuchs system. Now we return to the BF/ GMT constructed in 
Theorem 15 . 1 01 and multiply it by the infinity divisor f: 

J x (t(£)K = P(z)I X (?K. 

By Proposition 15.111 and Lemma 16.121 we need to show the ^"-invariance 
for P(z) and r{f) in order to establish the general analytic continuation. 
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The very first evidence for this is that, as in the case of classical hyper- 
geometric series, I x (resp. I x ) is a solution to certain Picard-Fuchs system 
which turns out to be ^"-compatible: 

Proposition 6.13 (Picard-Fuchs system on X). C\(I X = and D 7 I X = 0, 
where 

' 1 T r 2 

j=0 ;=0 /=0 

Recall that i 1 , t 2 are the dual coordinates of h, £ respectively. Here we use 
d v to denote the directional derivative in v. Thus if v = YL vl Ti £ H 2 then 
d v = X>'9 t ,. 

Proof. By extracting all the divisor variables D = t x h + t 2 ^ and t\ E H 2 (S) 
from I x (where t = t\ + F2), we get 

i x = E ^ +(D+ ^% X/ % S S (* 2 ). 

/3eNE(X) 

It is clear that zd v produce the factor v + z{v.B) for v € H 2 . From {6.9\ , 
Y\j zd a . modifies the ApBpCp factor to 

fl J~T~ fyQ = A^eB^YKbj + z(B - £).bj)C M 

1 1 0/ + mz ) 

m=l 

(since /3.fly - 1 = {& - £).a p (B - £).bj = B.bj + 1 and (B -£).£= B.&. 

Clearly it equals the corresponding term from cfe^ Y[j I x unless B — £ 
is not effective. But in that case the term is itself zero since Ap_p = by 
Lemma l6.9l 

The proof for D 7 I x = is similar and is thus omitted. □ 

Similarly I x ' is a solution to 

r f r r 121 

Up = Y\zd a i — q e e~ l Y\ z ^b'> Ely = n^ 2 ^' ~~ ( / 7 et +t > 

;=0 ' ;=0 7 ' ;=0 ' 

where the dual coordinates of h' and are — f 1 and f 2 + f 1 (since ^(t 1 h + 
f 2 £) = f!(f - fe') + f 2 ^ = (-t^)h' + (i 2 + fi)£'). 

Proposition 6.14. 

Proof. It is clear that 
and 



7=0 ' 
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□ 

Namely, the Picard-Fuchs system on X and X' are indeed equivalent 
under & . Moreover, both I = I x and I' = I x ' satisfy this system, but in 
different coordinate charts "\cf\ < 1" and "\<f \ > 1" (of the Kahler moduli) 
respectively. 

We do not expect I and I' to be the same solution under analytic contin- 
uations in general. In fact, they are not in some examples. We know this 
is not true for / and /' since the general descendent invariants are not jF- 
invariant. Nevertheless it turns out that P(z) and t(£) are correct objects to 
admit J£"-invariance. 

Lemma 6.15. Modulo q^ s , (5$ G NE(S) and 7, we have P(z) = 1 and r(t) = i. 

Proof. One simply notices that in the proof of Theorem 15.101 to construct 
P(z), the induction can be performed on [jS] = (/3 s, ^2) £ W, as in section 
13.21 by removing the whole series in q with the same top non-negative z 
power once a time. For the initial step [jS] = and / s ([/3] = 0) = e t/z , from 
(|6.9[) we have extremal ray contributions: 

I m=0 = e i/z (l + O(l/z^)). 

As there is no non-negative z powers besides 1, also later inductive steps 
will create only higher order q^'s with respect to W, hence the result fol- 
lows. □ 

Remark 6.16. By the virtual dimension count and i5.iy f is weighted ho- 
mogeneous of degree in the following weights | • | : We set | T f , | to be its 
Chow degree, \tf\ = 1 - \T }t \, \qP\ = (ci(X).0) and = \z\ = 1. This 
is usually expressed as: The Frobenius manifold (QH(X), *) is conformal 
with respect to the Euler vector field 

E = £(i-|T^|)t^ + ci(x) er(TH). 

For the hypergeometric modification I, the base / s has degree with | q^ s \ = 
(ci(S).fis)- But when /3s is viewed as an object in X the weight increases by 
(ci(X/S)./3s). This cancels with the weight of the factor l x/s qP~P s , which 
is 

-c 1 (X/S)./3 + c 1 (X)./3-c 1 (X)./3 s 
= c 1 (S).p-c 1 (X).p s 
= - Cl (X/S).jS s . 
Hence I is also homogeneous of degree 0. 

7. Extension of quantum & modules 

In this section we will complete the proof of the main theorem (Theorem 
I0.6|) on invariance of quantum rings under ordinary flops of splitting type. 
Proposition 16. 141 guarantees the ^-invariance of the Picard-Fuchs systems 
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(in the fiber directions). In order to construct the £P module j#\ = SH, we 
will need to find the derivatives in the general base directions. This will be 
accomplished by a lifting of the QDE on the base S. Putting these together, 
we will show that they generate enough (correct) equations for ^# 7 X . This 
is referred as the quantum Leray-Hirsch theorem, which is the content of 
Theorem 103] (= Theorem l7.6l + Theorem l7.8l + Theorem l7.10|) . 

To obtain the (true) quantum ^-module (on a sufficiently large Zariski 
closed subset given by the image of t(F)), we apply the Birkhoff factoriza- 
tion on jtff-. We specifically choose a way to perform BF such that the 
^"-invariance can be checked more naturally. 

Before proceeding to the first step, let us lay out the notations and con- 
ventions for this section. 

Notations 7.1. We use ^ G NE(S), t G H(S) etc. to denote objects in S. 
When they are viewed as objects in X, f> means the canonical lift, t means 
the pullback p* : H(S) ->• H(X). 

For a basis {T,} of H(S), denote f = X^PT, a general element in H(S). 
When T, is considered as an element in H(X), we sometimes abuse the 
notation by setting T, := T ; -. 

Given a basis {T, } of H(S), we use the following canonical basis for H(X): 

{T e = T { h l l m I < / < r,0 < m < r + 1}. 

A general element in H(X) is denoted t = J^t e T e . The index set of the 
canonical basis is denoted A + . 

By abusing the notations, if T e = % (i.e. I = m = 0), we set t e = t l = P. 
Similarly we set t e = t 1 for T e = h, and t e = t 2 for T e = £. That is, we 
reserve the index 0, 1 and 2 for 1, h and £ respectively. 

On H(X') the canonical basis is chosen to be 

{T' e :=^T e = T t (Z'-h>yZ' m } 
so that it shares the same coordinate system as H(X): 

t = J^t e T e ^ &t = Y^t e ^T e = Y^t e T' e . 

e e e 

7.1. J-lifting of the Dubrovin connection. Let the quantum differential 
equation of QH(S) be given by 

zd l zd j f(t)=Y J C\ j {t,q)zd k f{t). 

k 

If we write C|(f,^) = L)C^(F) q$ , then the effect on the /3-components 
reads as 



INVARIANCE OF QUANTUM RINGS 59 

Now we lift the equation to X. In the following, for a curve class jS G 
NE(S), its I-minimal lift in NE(X) is denoted by f> 1 . We compute 

za^-j = xy e T+(^)jx/s za . za . 7 s 
(7i) = E^ +(D -^ /s c^ 29 ^ 

Ml 
The terms in last sum are non-trivial only if /3 — /3i G NE(S). However, 
in this presentation it is not a priori guaranteed that j6 — fi\ is I-effective. 
(Hence, there might be some vanishing terms in the presentation.) 

In order to obtain the RHS as an operator acting on I, we will seek to 

"transform" terms of the form eT+ D -(£-/H) J? /s /f , to those of the form 

P p—p\ 

e f +D.(fi-f > [) l x/s js This can be ac hieved by differentiation the RHS ju- 

p-Pi p-pi 

diciously and will be explained below. 

As a first step, we will show that lf /s = if p - fi\ <£ NE'(X) and 
p-fa€LNE{S). 

Definition 7.2. For any one cycle f> G A\{X), effective or not, we define 

m(p) := -p.(h + Li), 

where < i < r. 

Lemma 7.3. For ft G NE(S), the I-minimal lift f> 1 G NE(X) satisfies n^fi 1 ) > 
0, n^ 1 ) >0 for alii. 

Proof. During the proof, the superscript I is omitted for simplicity. 
By definition, 

Hi = -fi l .(h + Li) = u-m>0. 
Similarly for < i < r, 

n'i = -jS z .(£ -h + L'i)= max{^ + u',0}-u- u\. 
If ji + u' > 0, we have 

n'i = u' - u\ > 0. 
Otherwise if u + u' < 0, then we get 

(7.2) n'i = 0- (u + ji'i) > -(ji + u 1 ) > 0. 

Finally for the compactification factor G, we get 

n' r+1 = -p l .l = max{^ + u',0} > 0. 

□ 
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Let /3,/3' G A\(X) be (not necessarily effective) one cycles. By definition 
of i-function, the f> factor corresponding to h + is 

1 



A; 



|6.(ft+Li) 

J! (h + U + mz) 



which depends only on the intersection number. Suppose that 

h:= p'.(h + Li)-p.(h + Li) > 0, 

we have 

(7.3) Ai# = A it p n (h + Li + mz). 

m=p.{h+Li)+l 

We say that A,^ is a product of A{w with a (cohomology-valued) factor of 
length The factors corresponding to £ — h + L- and £ behave similarly. 

Lemma 7.4. Lef ,6 G NE(X) and ft - j}\ be an I-ejfective class. lj /s is the 

product of w tth a factor which is a product of length ni{fi\), n-(jBJ), and 

n'r+xifix) corresponding to h + L\, £ — h + L\, and £ respectively. 

If ft — f>\ is not I-ejfective, the conclusion holds in the sense that lj /s = 0. 

Proof. Set p' = $ - j6f in Q, the length is 

(/?' - f5).(h + L,-) = -#.(/» + U) = n0 t ). 
The argument for f — /j + L • and £ are similar. 

If /5 — j6j is not i-effective, formally = contains either the Chern 

polynomial /p or /n©^ in its numerator. Notice that H7.3D holds formally. 
This proves the lemma. □ 

our next step is to show that the factors in (|7.3[) can be obtained by intro- 
ducing certain differential operators acting on I. 

Definition 7.5. An one cycle /3 G A\(X) is called admissible if n;(/3) > 0, 
> 0, and n£ +1 (/3) > 0. For admissible f> we define differential opera- 
tors 

r m{p)-l 

D f-=U 11 Wh+u-mz), 

i—0 m=0 
r n[{p)-\ 

D ? : =n n (2d S _ h+L >-mz) f 

i—0 m=0 
< +1 (j8)-l 

m=0 

Dp{z) :=DfDfDj. 
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Now we are ready to lift the quantum differential equations for / to 
equations for I x . 

Theorem 7.6 (/-lifting of QDE). The Dubrovin connection on QH(S) can be 
lifted to H(X) as 

(7.4) zdizdjl = E/*e D -^C^(f) zd k Dp*(z)I 

where ft € A\(X) is any admissible lift of ft which in particular implies the 
well-definedness of the operators D^ t (z). 

Furthermore, one can always choose f>* to be effective. An example of an effective 
lift is the I-minimal lift ft = ft, which is the only admissible lift if and only if 
u + u' > 0. 

In general, all liftings are related to each other modulo the Picard-Fuchs system 
generated by Dp and D T 

Proof. We apply the calculation in (|7.1|) with f>\ being replaced by a general 
admissible lift ft\. For t = 1 1 + ti with t\ being the divisor part, 

p 1 

Now we prove the last statement. Any two (admissible) lifts differ by 
some al + b^y. Say, ft' = ft + at + bj. Then we have 

n0')=m{ft)-a, 

(7.5) n' t (ft') = n' i (ft) + (a-b), 

n' r+1 (ft') = n' r+1 (ft)-b. 

Then it is elementary to see that we may connect ft to ft' by adding or 
subtracting I or 7 once a time, with all the intermediate steps ft- being ad- 
missible. For example, if a > 0, b > and fl — b > 0, then we start by 
adding £ up to / = a — b times. Then we iterate the process: Adding 7 fol- 
lowed by adding £, up to b times. Thus we only have to consider the two 
cases (1) ft' = ft + £ or (2) ft' = ft + 7. 

For case (1), we get from (|7.5|) with («, b) = (1,0) that Wi(/3') > 1 for all 
z. This implies that D^, = D^, + Dq where Dq = YYj=o z ^aj comes from the 
product of m = terms. Since Dpi = 0, we compute 

Dp(z)I = Df,Df,Dp + q e e fl f[zd b .I. 

;=0 

Now we move q e e tl to the left hand side of all operators by noticing 

z3/ ! e fl = <? fl (z9/, + z) 
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in the operator sense. Then (notice that D£ = D^, +e ) 

Dp(z)I = ^Dj+p^Df^flzdb.I = q l /Dp +l {z)I, 

which is the desired factor for f>" . 

The proof for case (2) is entirely similar, with QjJ = being used instead, 
and is thus omitted. 

The uniqueness statement for u + fi' > follows from l|7.5|l and the ob- 
servation: n-itfi 1 ) = \i — fii and «-(j6 : ) = y! — both attain somewhere 
and there is no room to move around. The proof is complete. □ 

Notice that the liftings of QDE may not be unique. We will see the im- 
portance of such a freedom when we discuss the J^-invariance property. 

7.2. Quantum Leray-Hirsch. 

Definition 7 .7 . LetT e = T ; /j'£ m be an element in the canonical basis of H(X). 
The naive quantization of T e is defined as (c.f. I|5.2[) and (|5.9jl ) 

t e :=d ze = zd Ii (zd ti ) } (zd t2 ) m . 

Theorem 7.8 (Quantum Leray-Hirsch). The I-Hfting (I7.4D of quantum differ- 
ential equations on S and the Picard-Fuchs equations determine a first order ma- 
trix system under the naive quantization d ze of canonical basis T e 's ofH(X): 

zd a (d ze I) = (dr*I)C a (z,q), f G {t\?,?}. 
This system has the property that for any fixed [5 G NE(S), the coefficients 
are formal functions in t and polynomial functions in q^e 1 , q t e i and the basic 
rational function f (^V ), defined in {2.2) . 

We start with an overview of the general ideas involved in the proof. 
The Picard-Fuchs system generated by and D 7 is a perturbation of the 
Picard-Fuchs (hypergeometric) system associated to the (toric) fiber by op- 
erators in base divisors. The fiberwise toric case is a GKZ system, which 
by the theorem of Gelfand-Kapranov-Zelevinsky is a holonomic system 
of rank (r + 1) (r + 2), the dimension of cohomology space of a fiber. It is 
also known that the GKZ system admits a Grobner basis reduction to the 
holonomic system. 

We apply this result in the following manner: We will construct a 3$ 
module with basis d ze , e G A + . We apply operators zd t i,zdp and first order 
operators z9;'s to this selected basis. Notice that 

□, = (l-(-l)''+V/)( Z 3 fl ) r+1 + ---, 

□ 7 = (z9 f2 ) r+2 + ---. 

The Grobner basis reduction allows one to reduce the differentiation order 
in z9 f i and z9 t 2 to smaller one. In the process higher order differentiation in 
zdj's will be introduced. Using the i-lifting, the differentiation in the base 
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direction with order higher than one can be reduced to one by introducing 
more terms with strictly larger effective classes in NE(S). A refinement of 
these observations will lead to a proof, which is presented below. 

Remark 7.9. In fact, neither the Grobner basis nor the GKZ theorem will be 
needed, due to the simple feature of the Picard-Fuchs system we have for 
split ordinary flops. 

Proof. Consider first the case of simple P r flops (S = pt). In this special case 
the Grobner basis is already at hand. The naive quantization of canonical 
cohomology basis gives 

9 2 ( ! V) := ( z d tl y(zd t2 y, < z < r, < ; < r + 1. 

Then further differentiation in the f 1 direction leads to 

z9 fl 9 z ^ = a*(i+i»;). 

It is clear that we only need to deal with the boundary case i = r, when the 
RHS goes beyond the standard basis. 

Case = (r,0). The equation D t = (zd t i) r+1 - ^e fl (z9 f2 - zd t i) r+1 = 
modulo I leads to 

I f 1 r+l 

<™> ^Y + ' ^ 1 _ ( _y +1 ,v' g 1 c > + ' (2a ' 2)t( - z8 ' l),+1 ' t - 

which solves the case. 

Case (/,;) = (r, > 1). For / > 1, notice that D 7 = zd t i(zd t 2 — z9 f i) r+1 — 
q*e l = modulo I. Hence 

(7.7) =^/(z9 t2 )^^V 2 

= q e e t \^e t \zd t2 + zy- 1 . 

This in particular solves the other cases 1 < j < r + 1. 
Similarly differentiation in the t 2 direction: 

z9 f2 9 z (^ = 9 z (y +1 ). 

And we only need to deal with the boundary case j = r + 1. 
Case (?',;') = (0, r + 1). First of all, D 7 I = leads to 

(7.8) 

{zdt2 y + 2 _ _(_ 1) '-+i (z 9 fl )^ 1 z9 t2 -£c? 1 (zd fi ) k+1 {-zd fi ) T+1 - k + q'rf 

k=\ 

= (1 _ (-l)^ 1 //)^/ _ ^(_ 1) r+l-t c r+l a z(r+l-fc*+l) / 

fc=l 

which solves the case. 
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Case = (> l,r + 1). By further differentiating t 1 on i7.8) and on 
(|77)), we get 

(7.9) 

(z9 tl )'(z9 t2 ) r+2 = (^)Ve* 1 - (-l) r+ V f 0Wy^ 
Jt=i 

= ^/(z9 fl ) ! - (-i) r+i ^/^/(za fl + z y 

r 

_ ^ ^_^r+l-fcqr+lgz(r+^l-fc,fc+l) 
Jt=i+1 

- E(-l) r+1 ^C[ +1 (z9 t i +z) ! '- fc (z9 t2 +z) k . 

k=l 

This in particular solves the remaining cases 1 < i < r. 

An important observation of the above calculation of the matrix C\ (z, q), 
Ciiz, q) is that Q is constant in z when modulo Moreover q dr) appears 
only in &i = 1. 

Now we consider the case with base S. The Picard-Fuchs equations are 

T r 

= n^+i-y " ^ ri z3 ?-'!+L'' 

(7.10) 

Recall that for a basis element T e = T s h l ^ ! in its canonical presentation 
(0 < i < r, < y < r + 1), we associated its naive quantization 

(7.11) f e = 9 2e = z9 Fs (z9 tl ) ! (z9 f2 y. 

The above calculations (|7.6|) — \7.9\ need to be corrected by adding more 
differential symbols which may consist of higher derivatives in base divi- 
sors z9l ; 's and z9 L /s instead of a single zdp. Thus they are not yet in the 

desired form (|7.1lL The J-lifting UA) helps to reduce higher derivatives 
in base to the first order ones. Although new derivatives D^'s may appear 
during this reduction, it is crucial to notice that they all come with non- 
trivial classes q@ 's. 

With these preparations, we will prove the theorem by constructing 

Q,M Z ) = E c «;^(z)/ 
MP 

for any fixed /3 G NE(S). 

For f> = 0, the i-lifting (|7.4|l introduces no further derivatives: D^ =0 (z) = 
Id. Thus higher order differentiations on P's can all be reduced to the first 
order. Notice that in (|7.10D all the corrected terms have (z9fi) ! (z9 f 2)-' in the 
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canonical range, hence (|7.6|) — (|7.9[) plus (|7.4|) lead to the desired matrix 

Q;£=o( z )-_ 

Given f> € NE(S), to determine the coefficient C 8 a from calculating 
z3 fl (3 ze ), it is enough to consider the restriction of (|7.4[) to the finite sum 
over f> < jS. We repeatedly apply the following two constructions: 

(i) The double derivative in base can be reduced to single derivative by 
(|7.4|) . If a new non-trivial derivative D^/ (z) is introduced then we get a new 

higher order term with respect to NE(S) since the factor q^ is added, thus 
such processes will produce classes with image outside NE < ^(S) in finite 
steps. In fact the only term in \7A) not increasing the order in NE(S) is 
given by 

This is precisely the structural constant of cup product on H(S), which is 
non-zero only if 

deg T a + deg 7) = deg T k . 

Hence deg Tk > deg T a , with equality holds only if Tj = 1, which may oc- 
cur only for the first step. Any further reduction of base double derivatives 
zdfrzdi into a single derivative zd m must then increase the cohomology de- 
gree deg T m > deg 7\, if the order in NE(S) is not increased. It is clear the 
process stops in finite steps. 

(ii) Each time we have terms not in the reduced form (|7.11|) we perform 
the Picard-Fuchs reduction (|7.6|) — (|7.9[) with correction terms. After the 
first step in simplifying zd t i (9 ze ) and zd t i (3 ze ), in all the remaining steps we 
face such a situation only when we have non- trivial terms D^j (z) from con- 
struction (i). As before this produces classes with image outside NE < ^(S) 
in finite steps. 

Combining (i) and (ii) we obtain C a .p in finite steps. It is clearly polyno- 
mial in z, q 7 e* 2 , q^e 1 and f (<^e* ) since this holds for each steps. □ 

Theorem 7.10 (Naturality). The system is ^-invariant. That is, ^C a (i) = 

Proof. We have seen the j£~-invariance of the Picard-Fuchs systems. It re- 
mains to show the j£~-invariance of the /-lifting of the base Dubrovin con- 
nection, up to modifications by □<? and D 7 . 

By \7A). the simplest situation to achieve such an invariance is the case 
that ^f, 1 = ft ', since then &Dp(z) = D', (z) as well. 

Indeed, when ji + y! > for a curve class ft we do have 

&ft = - }d - {y + y')-y) 
= P + y£>-(y + y')(e' + 1 ') 
= ^-y'£'-(y + y') 7 ' = ft'. 



6b 



Y.-P. LEE, H.-W. LIN, AND C.-L. WANG 



It remains to analyze the case }i + ji' < for 6. In this case, 

- = $ + ji£> - (fi - ji'f) = (p + yl)g = -51', 
where 5 := — (ji + > is the finite gap. Thus 




and this suggests that we should try to decrease B 1 by £ for 5 times. 
In other words, we should expect to have another valid lifting: 

(7.12) zdizBjl = £/-^ D '^-^C^(F) zd k D F _ ge (z)L 

This is easy to check: Notice that ri^fi 1 - 51) = n^ 1 ) + 5 > 0. n'^j} 1 - 5) = 
n\{f> 1 ) - 5, which is also n'0 + }i'£) = }i' - ]i\ > (c.f. the gap in (Z3 ). 
— is unchanged. Thus, the operator Dm_ g ^ is well defined, though 

f> 1 — 5£ may not be effective. By Theorem 17.61 (|7.12|) is also a lift and the 
theorem is proved. □ 

7.3. Reduction to the canonical form: The final proof. We will construct 
a gauge transformation B to eliminate all the z dependence of C a . The final 
system is then equivalent to the Dubrovin connection on QH(X). Such 
a procedure is well known in small quantum cohomology of Fano type 
examples or in the context of abstract quantum cohomology. (See e.g. (7| 
and references therein.) Here we will also need to take into account the role 
played by the generalized mirror transformation (GMT) t(£ ). 

In fact B is nothing more than the Birkhoff factorization introduced be- 
fore: 

(7.13) 9 ze 7(f) = (zV/)(t)B(t) 

valid at the generalized mirror point x = t(?). Thus B exists uniquely via 
an inductive procedure. However the analytic (formal) dependence of B is 
not manifest if one proceeds in this direction, as the procedure involves / 
and I, for neither the analytic dependence holds. Therefore, it is not clear 
how to prove &B = B' up to analytic continuations. 

In this subsection we will proceed in a slightly different, but ultimately 
equivalent, way. Namely we study instead the gauge transformation B 
directly from the differential system 

(7.14) zd a (d ze I) = (d ze I)C a . 

Even though the solutions I are not ^"-invariant, the system is ^"-invariant 
by Theorem l7.10l This system can be analyzed inductively with respect to 
the partial ordering of the Mori cone on the base NE(S). 

Substituting dZEl) into (I7T41 . we get zd a (VJ)B + z(V/)3 fl B = (V/)BC fl/ 
hence 



(7.15) zd a (VJ) = {VJ)(-zd a B + BC a )B- 1 =: (V/)C fl . 
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We note the subtlety in the meaning of C a (t). Let x = EtT^. Then the 
QDE reads as 

Z 3,(V/)(T) = (V/)(T)C,(r) / 

where C^(t) is the structure matrix of quantum multiplication at the point 
x G H(X). Then 



hence 

(7-16) c a {i)^Y.CMi))^-{t). 



In particular, C„ is independent of z. 

With this understood, l|7.15|) in fact is equivalent to 

(7.17) C fl = BoC a -oB 1 



(B Q := (B )o) and the cancellation equation 



(7.18) zd a B = BC a - BqC&B^B, 



where the subscript stands for the coefficients of z° in the z expansion. 

Our plan is to analyze B = B(z) with respect to the weight w := (jS, tfe) £ 
W, which carries a natural partial ordering. The initial condition is Bjp-m 0) = 
Id: Since we have seen that for w = (0,0), C a has only z constant terms 
Q;(o,o),o z °- The total z constant terms in (|7.i8[) are trivially compatible. They 
are — BoC fl; o on both sides. 

Now we perform the induction on W. Suppose that B w i satisfies J^B W > = 
B' w , for all w' < w. Then 

(7.19) zd a B w = E BjpjCfljtp-j — E ^i»i,oC g ;tP2,oB a , 3 ,o^a'4- 

Write C fl;a; = E^ ( ? C B ^z/ and B^ = Ejl? B W z/ - Then implies that 
n(o?) = max(n(iy') + m(zy — w')) — 1. 

w'<w 

Notice that on the RHS all the B terms have strictly smaller degree than w 
except 

B o>C a; (0,0) — C«;(0,0)£o> + B o>,oC s; (o,0) ~~ Q;(0,0) B a;,0 
which has maximal z degree < n(w). Moreover, by descending induction 
on the z degree, to determine B W/ j we need only B w i with w 1 < w or B^/ 
with / > j, which are all ^"-invariant by induction. Hence the difference 
satisfies 

d a (J?B W/j -B' W/j ) = 0. 

The functions involved are all formal in t and analytic in t , t 2 , and without 
constant term (B a;= ( 0/0 ) = Id). Hence &B w j = B' w -. 
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To summarize, we have proved that for any i = t + D G H(S) © O © C£, 

^B(r(?)) = B'(r'(f)). 

In particular, by (|7.17|) this implies that the J^-invariance of C 8 (f). In more 
explicit terms, we have the j£"-invariance of 

(7-20) a= e i^^T^Mm? 

for arbitrary (basis elements) T v , T K G H(X). 

The very special case T v = 1 leads to non-trivial invariants only for 3- 
point classical invariant (n = 0) and 6 = 0, and also ji = K. Since K is 
arbitrary, we have thus proved the j£~-invariance of d a T. Then 

d a (^r-r') =^d a T-d a r' = 0. 

Again since t(£) = t for (jS,^) = (0,0), this proves 

J^T = T'. 

Remark 7.11. C„ is the derivative of the 2-point (Green) function at r(f): 

a = ^((r v/ r))(T). 

Now we may finish the proof of the quantum invariance (Theorem l0.6|) . 

Proof. Since we have established the analytic continuation of B (hence P) 
and t, by Proposition 15.111 (reduction to special BF/GMT with £ class) and 
Lemma \6. 121 (naive quasi-linearity with £ class) the invariance of quantum 
ring is proved. □ 

Remark 7.12. We sketch an alternative shortcut to the proof to minimize the 
usage of extremal functions and completely get rid of the quasi-linearity 
reduction. 

Indeed, by degeneration reduction (©, the quantum invariance prob- 
lem is reduced to local models for descendent invariants of special type. 
Theorem 14.21 then eliminates the necessity of using xp classes and we only 
need to prove the invariance of quantum ring for local models. 

Now for split flops, the Birkhoff factorization matrix £>(z) exists uniquely. 
Then quantum Leray-Hirsch theorem (Theorem I7.8|) produces the matrix 
C fl (z) which satisfies the analytic continuation property. The analytic con- 
tinuation of B(z) is then deduced from it. In particular, (|7.17[) gives the 
analytic continuation of C a (t), namely (|7.20[) , and then of t(£). 

Now we apply the reduction method used in the proof of Proposition l5. 1 1 1 
with the role of special insertion x^al, being replaced by 3 primary insertions 
T a , T v , T K with T a G H(S) and T v , T K G H(X) being arbitrary. We can do so 
because dr/dt a = T a + ■ • • . Notice that since n > 3, the divisor reconstruc- 
tion we need can all be performed within primary invariants. 

Namely, using (|2.1|) for h and we may reconstruct any n > 3 point pri- 
mary invariants by the the one with only two general insertions not from 
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H ( S ) . As in Step 2 of the proof of Theorem l4.4[ the moving of £ class will al- 
ways be ^"-compatible, while the moving of h class to an insertion tjh T may 
generate topological defect. The key point is that this defect can be can- 
celed out by the extremal quantum corrections from some diagonal split- 
ting term. (In fact this is the building block of our determination of the 
extremal invariants in $21) 

This leads to a logically shorter and more conceptual proof of the quan- 
tum invariance theorem. 

We present the complete argument for at least two reasons. Firstly the 
quantum correction part (extremal case) works for non-split flops as well. 
Secondly the BF/ GMT algorithm, together with the divisorial reconstruc- 
tion, provides an effective method to determine all genus zero descendent 
(not just primary) invariants for any split toric bundles. 
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